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Spoon Feeding Definite Integrals 



Simplified Knowledge Management Classes Bangalore 


My name is Subhashish Chattopadhyay . I have been teaching for IIT-JEE, Various International 
Exams ( such as IMO [ International Mathematics Olympiad ], IPhO [ International Physics 
Olympiad ], IChO [ International Chemistry Olympiad ] ), IGCSE ( IB ), CBSE, I.Sc, Indian State 
Board exams such as WB-Board, Karnataka PU-II etc since 1989. As I write this book in 2016, it 
is my 25 th year of teaching. I was a Visiting Professor to BARC Mankhurd, Chembur, 
Mumbai, Homi Bhabha Centre for Science Education ( HBCSE ) Physics Olympics camp BARC 
Campus. 
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I am Life Member of ... 

- IAPT ( Indian Association of Physics Teachers ) 

- 1 PA ( Indian Physics Association ) 

- AMTI [ Association of Mathematics Teachers of India ) 

- National Human Rights Association 

- Men’s Rights Movement ( India and International ) 

- MGTOW Movement ( India and International ) 

And also of 

IACT ( Indian Association of Chemistry Teachers ) 



The selection for National Camp ( for Official Science Olympiads - Physics, 
Chemistry, Biology, Astronomy ) happens in the following steps .... 

1 ) NSEP ( National Standard Exam in Physics ) and NSEC ( National Standard Exam in 
Chemistry ) held around 24 rth November. Approx 35,000 students appear for these exams 
every year. The exam fees is Rs 100 each. Since 1998 the NT JEE toppers have been topping 
these exams and they get to know their rank / performance ahead of others. 

2 ) INPhO ( Indian National Physics Olympiad ) and INChO ( Indian National Chemistry 
Olympiad ). Around 300 students in each subject are allowed to take these exams. Students 
coming from outside cities are paid fair from the Govt of India. 

3 ) The Top 35 students of each subject are invited at HBCSE ( Homi Bhabha Center for 
Science Education ) Mankhurd, near Chembur, BARC, Mumbai. After a 2-3 weeks camp the top 
5 are selected to represent India. The flight tickets and many other expenses are taken care 
by Govt of India. 
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Since last 50 years there has been no dearth of “Good Books". Those who are interested in 
studies have been always doing well. This e-Book does not intend to replace any standard text 
book. These topics are very old and already standardized. 

There are 3 kinds of Text Books 

- The thin Books - Good students who want more details are not happy with these. Average 
students who need more examples are not happy with these. Most students who want to 
“Cram” quickly and pass somehow find the thin books “good” as they have to read less !! 


- The Thick Books - Most students do not like these, as they want to read as less as 
possible. Average students are “busy” with many other things and have no time to read 
all these. 


- The Average sized Books - Good students do not get all details in any one book. Most bad 
students do not want to read books of “this much thickness" also !! 

We know there can be no shoe that’s fits in all. 

Printed books are not e-Books! Can’t be downloaded and kept in hard-disc for reading “later” 


So if you read this book later, you will get all kinds of examples in a single place. This 
becomes a very good “Reference Material”. I sincerely wish that all find this “very useful”. 

Students who do not practice lots of problems, do not do well. The rules of “doing well” had 
never changed .... Will never change ! 
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After 2016 CBSE Mathematics exam, lots of students complained that the paper was tough! 
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CBSE assures remedial measures for tricky and 
tough Class XII Math paper 

Posted on: III 7 M.hi Updated on: :2 p! .Mai l 

IBNLIVE.COM O O O 

Mare+ 

After several students claimed that the Central Board of Secondary Education (CBSE) Class XJI 
board Mathematics examination paper was 'tricky 1 and tough, the board has issued a clarification 
on remedial measures which are likely to be taken before evaluation. 

The CBSE says that feedback received from various stakeholders like students, subject teachers 
and examiners will be put before the committee of subject experts. 
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In 2015 also the same complain was there by many students 
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Mews a India News 


CBSE Class 1 2 exam: Issue of tough 
maths paper raised in Parliament 

A senior Congress member on Thursday raised the issue of the tough mathematics 
question paper in the ongoing CBSE board examinations and asked the government to 
consider the issue "seriously". 


Last Updated: Thursday, March 19, 2015- 14:41 
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New Delhi: A senior Congress member on Thursday raised the issue of the tough 
mathematics question paper in the ongoing CBSE board examinations and asked the 
government to consider the issue "seriously". 
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In March 2016, students of Karnataka PU-II also complained the same, regarding standard 12 
( PU-II Mathematics Exam ). Even though the Math Paper was identical to previous year, most 
students had not even solved the 201 5 Question Paper. 


Friday, March 25, 2016 - 13:28 The NEWS Minute 
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Online petition for lenient evaluation of K’taka II PU 
math paper gets over 8000 supporters 

The campaign, which was launched on Monday, has garnered over 8000 supporters 
TNM Staff | Wednesday, March 16, 2016 - 09:32 
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Following a "very tough" math paper that left many II PU students in tears, Saket Ravindran a 
student launched an online campaign demanding lenient evaluation. 

These complains are not new. In fact since last 40 years, ( since my childhood ), I always see 
this; every year the same setback, same complain! 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 










CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 

In this e-Book I am trying to solve this problem. Those students who practice can learn. 

No one can help those who are not studying, or practicing. 



Learn more at http://skmclasses.weebly.com/iit-iee-home-tuitions-bangalore.html 

Twitter - https: / /twitter. com / ZookeeperPhy 

Facebook - https://www.facebook.com/IITJEE.bv.Prof.Subhashish/ 

Blog - http://skmclasses.kinja.com 
Blog - http: / /skmclasses. blog.com 
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Spoon Feeding Series - Definite Integrals 

In any book solution techniques of various types of Differential equations will be given. Before we 
proceed, Recall the various tricks, formulae, and rules of solving Indefinite Integrals 


<i) J 1 a + C 


r 1 j 1,1* + * 

(ii) j— -dx = — Jog 


a 2 — x 2 2a jo “ x 
x - a 


m sA dx= £ lng 


x + a 


+ C 

+ c 


4 tanh_1 ® 

- - i ^th- 1 (f ) 


+ C 
+ C 


(iv) J 


dx 




— sin 1 — + C 
a 



= log! X + Jx 2 + a 2 ! + C = amh 1 ( ^ ] + c 


(vii) J J7* +”o* dx = 1 [x^'x 2 + a 2 + a 2 bgl x + + a"l] + C 

(vui) j dx - + »’ 9 “"'(^)] + C 


(ix) | <Jx 2 - a*dx = ^|xj* a - a* - a 2 logi x + V* 2 - o 2 l] + C 
(x) + + bx + cdx- |(2ax+ ^)/ax 2 + 6x + cdx 


2 j J Jo * 2 + bx + c dx 
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J e x dx = e x 
f(? x dx = ±e? x 

f €p rX cos bxdx = f |3 (acosbx -\-bsmbx) 

or -fo 

f^ x s in bxdx = ~~~t (a sin bx — bcosbx ) 

f aXdx = fL + c 

J esc x cot xdx = — esc x -h c 
f esc 2 asdas = — cot x 4- c 
J sec s tan xdx = sec as 4- c 
J sec 2 asdas = tan as -h c 
f sin xdx = - \cos x + c$ 

J cos xdx = sin x -h e 


flog xdx = as (log as - 1) -he 
/“ da; = log | as | -he 
J a^das = a 1 log as -h c 

f<Sf=T. logS+« 

/ rig 1 i x— a . 

2 ?-^ 2a z+a "h C 

f( al + &)" = £ ''r*i + C 3n '-neq 1 

/'rf«) = i lo Bl“ ! ' + i ’l + <7 

J^az-l-b 1. ^az-l-t _j_ 

J cos(aas -h 6) das = ^ sin(aas -h 6) 4- C 
f sec 2 (ax -h &)das = ^ tan(aas -h 6) + C 
J esc 2 (a as -h 6)das = cot (a a; + 6) -h C 

fcsc(ax -h 6) cot(aas -h 6)das = esc (ax -h 6) -h C 


For Integrals of the form 

o) j — * 

J a + 


Put 


(jj) f __ 

a + 1? sin x J a + 

1 - tan 2 x/2 


dx 


COS X = 


1 + tan x/2 


sin x - 


t COS X 

2 fan x/2 


I 


dx 


a sin x+ tocos x+ c 


1 + tan 2 x/2 
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Some advanced procedures.... 


/ 


X 


dx 


{a + bxf 
ffl is <? + w integer 
dx 


! 


(a + bx ) J 


where either (m and p positive 
integers) or (m and p arc 
factions, but m + p = integers 
> 1) 


Put a + bx = z 


Put a + bx = zx 


J X m {q +4^")^ dx , 

where at, n, p me rational*. 

fl) p is «+ we integer Apply Binomial theorem to 

( a + b>^) P 

<3) p ttd - iv integer Putx = z K where k = common 

denominator of m and n. 

(iii) * + ^ h n integer Put ( a + b/ 1 ) = z^ where 
If 

it ™ denominator of p. 

(iv> * — — + p is an integer Put a + bat? = 

* where denominator of fraction 

P 


r x 2 dx = 1_ r (x 2 + a 2 ) dx 1 r (x 2 - a 2 ) dx 
x 4 + k)fi + a 4 ^ (x 4 + x 2 + x 4 } 2 (x 4 + fcx 2 + a 4 j 

t dx 1_ r (x 2 + a 2 ) dx t_ r (x 2 - a 2 ) dx 

(x 4 + k x 2 + a 4 ) 2a 2 ; (x 4 + k x 2 + a 4 ) 2a 2 (x 4 + #r x 2 + a 4 ) 

( dx = x | ( 2 n- 3 ) f dx 

(X* + kf fr(2n-2)(x 2 + kf~' k(2n-2) (x 2 4A) n “ 1 


j 


For 


dx 

(Ax 2 + BX + C) V(ax 2 + dx+ d) . . . . .. . 

^ we need to substitute 


ax 2 + bx + c 
Ax 2 + Bx + C 


= I 2 
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Every student knows that the last step is ... 

( f{x) dx = [F (at) +c] = F (b) — F (a) 

a a 

Definite Integrals have to be solved by ( more than ) 14 different ways, depending on the type of 
problem. 


Type 1 - Here no property, specific to Definite Integrals is used. 

The integration is solved completely as Indefinite. Finally the Upper and Lower limits are substituted. 

Example - 1.1 - 

1 1 

I — =; — dx 
o 1 + sinx 

If we need to solve 


I : dx 

1 + sinx 

we should know how to integrate ( Indefinite Integral ) 


In the solution, notice that no special or specific property of Definite Integral is being used. 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 

Multiplying Numerator and Denominator by (1- sinx) 


/-I 


1 


1- sinx , 
x ; ax 


ol+sinx 1-smx 
* fl-sinx) 

f A — —r\ dx 

o fl 2 -sin 2 x) 

f 1- sinx . 

\ - r — rdx 


o (cos 2 x) 
1 


= 1 


, ' sinx 

ax - J — ax 


o cos x o cos x 

\ sec xdx - \ tan x. sec xdx 
o o 


= [tanx]'-[secx]' 

= [tanx - tanO]- [secx - secO] 
= [ 0 - 0 ]- [- 1 - 1 ] 

= 2 


Similarly example - 1.2 - 



As we know from indefinite integrals that Integration of Ln |x| is x Ln | x | - x 
If we substitute the upper limit we get 2 In 2 - 2 

And substituting the lower limit we get 1 In 1 - 1 = -1 
So final result is 2 In 2 - 2 - ( -1 ) = 2 In 2 - 1 


Example - 1.3 - 

If we need to integrate by parts then do not apply the limits at intermediate steps. 
Solve the whole problem as indefinite and then finally apply the limits 


Recall 


J uv dx — u 


/ 


v dx 




dx. 
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fg (a: 2 -j- 1) e~ x dx . . 

So to solve ' 1 - we proceed as above equation 

Let u = x 2 + 1 and dv = e~ x dx . Then du = 2x dx and v = —e~ x 


I = 


f (x 2 + 1) e ■* dx = [-(.r 2 + l)e a '] | 1 +2 f 
Jo Jo 


xe 


dx 




dx=[-e “(ar + l)]^ 


Thus finally the required Solution is 



+ 2x + 3^ J p = — 6e t H- 3 


Example - 1.4 - 


\x tan -1 xdx - — - — 

Show that 0 


j x tan' 1 x dx =tan 1 xfxdx -\ (f xdx) ^(tarr 1 x 


— tan -1 x 

2 


c 

- 1 

- 0 

t! 


_ !_ j 


dx 


tan -1 x 


2 □ l + x‘ 


1 1 1 + x 2 - 1 


I 


Jo 


2 o 1 + 


dx 


-ifi'i-ifU-l * 1 
2UJ 2 [o Jl + * 2 J 

- — - — fx-tarf 1 xV 
8 2 L Jo 

= l.lU.l] 

8 2 [ 4 J 


Jff 1 J7 

= 8~ 2 + IT 


n 

4 


1_ 

2 
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Example - 1.5 - 


f W-v + 2 dx 

Solve Put x + 2 = t 2 so dx = 2t dt at x = 0 t = /2 at x = 2 x + 2 = 4 = t 2 => t = 2 


=1> J - 2 )' 

Jr 2 tdt 

- 1 

96-80- 12V2 +20>/2 

= 2] 

'(**-2 

fdt 

— A 


15 


i j 

^ / i ^ 

■j \ . 

= 2 

16 + 8^2 


= 2 i 

jiV * r 

15 


— 2 

i 

1 u 

"|2 

u 

If 

>(2 + V2) 

15 


= 2 

32 16 

4>/2 4s/2 _ 

4 — ! 

!6>/2(s/2 + l 

) 


5 3 

5 3 

— 

15 



Example - 1.6 - 


f 




dx 


Solve - 


X 


lei -Y = sin 0 => dx - cos 8 dd 


W hen v - — . 0 = sin 

3 


ID 


and when i = l.0 = 


JT 


Y 

j. (sin 9 -sin’S)* 

/= P ...i ^ i-eos 9</9 

Ml sin’ 6 


4 (sin 0)3 (l— sin ? 0p 
'""“(■:] sin’B 


cos 0 r/0 


-Lfi 


(sin 6 ) ’ (oos0) 

sin + 9 


A (sin0) : * (eos0)* 

= r.,r. " 

%lll — 


sin 2 9sin 2 0 


cosG(/9 


f* (cos©) 1 2 

= r r —coscc Wm? 

1 w(sin0)s 

* s 

= ^ , j(coi 0p cosec 2 0</0 


Let cot5 = f =* -cosec 26 d6= dt 


When 6 - sin 1 ^ jj, t - 2\/2 and when 6 - 


cos6</8 — j[^(/ ) 'dt 


T 8 
8 l ' 


(0 5 


2^2 


-(2V2)- 
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AIEEE ( now known as IIT-JEE main ) - 2004 

Solve 


(sinx + cosjt) 2 

The value of / - J - — , _ 

o Vl + sin2x 

(a) 2 (b) 1 (c) 0 


dx is 

(d) 3 


(a) : j 


. . . 2 
(sin .r -l- cos .r)~ 


o 's/f sin .v T cos v) 1 

■J2 

J (sin .v + cos x}dx 


dx 


cos X 


+ Sill V 


; 0 


1 - (- 1 ) = 2 


AIEEE ( now known as IIT-JEE main ) - 2007 


r dt 

The solution for.r of the equation J ) - ~ is 


(a) 






(b) 2 -J 2 (c) 2 (d) k 


Solution : 


[“■'i-i 


-l -i /t n 

sec A' - sec V- = — 


-1 7T 71 

sec x = — + — 
2 4 


x = -^2 There is no conect option. 


3 

~4 
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Example - 1.7 - 


1 equals 


«-/= 


3 2 jc * + X 4 - 2 jc 3 + 2* 2 + 1 
2 (x 2 +l)(x 4 -1) 


dx , ihen 


(a) 

(c) 


2 

2 


log 6 + 
log 3 - 


10 

J_ 

10 


<b) 

<d) 


2 

1 

2 


log 6 - 
log 2 + 


_L 

10 

i 

10 


Solution 


Zr 5 + x 4 - 2x* + Zr 2 + 1 


= 2x 3 (jt 2 - l) + {X 1 + l) 2 


j2 (x 2 + 1) 2 + <* -1) 
ti 2x i dx rJ dx 


-h * 



£-1 

■j3 

X+l 

-b 


= /, -f- 



where /, = j 


1 jT 

2 (jc 2 +I ) 2 


(2x)dx 


Put jr + 1 f, 2 jt dx = dt 


J « = r V* = ( l ° gf/| + r) 


lio 


= log 2 - — 

6 10 

Thus, / = 1 log 6 - ^ 
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Type 2 - Here special properties of Definite Integrals are used 

Let us see the list of properties 

J*A*)*-f*/W* 

I /(.r) dx = - [ f\ (.r) dx , In particular, | f(x)dx- 0 

Jo J b * o 

I b f(x)dx- | C f(x)dx+ | * fix) dx 
J a J a J c 

I V (x)dx = I \f(a + b- x)dx 
Jo J a 


1 = 1 '/«<&+ J“ /o" - -'■) * 

J 0 ‘°/(Jf)<iv = 2 j "f(x)d\. if /(2ff -.t) = /(.v) and 

0if/(2«-.r) = -/tr) 

(i) I ^ / (,v) dfr = 2 | fl /(.\')<frr , if /is ail even function, i.e.. if/(- .r) =/(,t). 

* -iT Li JO" 

(ii) [ n f(x)dx = 0 . iff is an odd function, i.e,, if/(-.v) “ - fix). 

J —Q 

The property of Modulus 


| J" f(x) dx I < J~|f(x)|dx 
a a 


An Example to start the discussion 


The absolute value of 


19 

J 

10 


smx 


I 


8 


dx is 


(a) less than 10 -7 (bj more than I Q" 7 

(c) less than 10“^ (d) more than KT 6 
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Solution 


(a, c). 


19 

J 

10 


sirur 

177 


dx 


19 


* 


10 

19 


dx 

l + ,t f 


10 

1? 


f dx 

J 7 


f dx 

10 1V 


19 1 . 
f | sm x 

J i +J * 

lo l+x 


dx 


[v|/W|sJ|/MI*] 


(v | sin x [£ 1] 


V 1 + x s > x B 


l + * 8 *» 


1 I 

x>IO=»-< — 
x 10 


-~(| 9 - 10 ) 

10* 

-9* i<r*<io* icr s < to 7 

Again, V 10 7 > 10 6 =^10" 7 < KT 6 
.*. given integral is < 1(P 


If the function f (x) increases and has a concave graph in the interval [a, b], then 

(b - a) f (a) < | f(x)dx<(b- a) 

a 2* 


If the function f (x) increases and has a convex graph in the interval [a, b], then 

{b - a) < j fix) dx < (6- a) f(b) 

a 
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X 

cos' xdx 


Example - 2. 1 - Solve 
As indefinite integral when we solve this we express Cos 2 x as Cos 2x form 


But with limits 0 to n/2 we better use 


LVoOrfv = J o V(n - x)dx 


/ = p cos 2 xdx - ( i 


1 1 cos 2 


71 ' 

X 

v2 , 


dx 


=>/ = f 

1 

! = psin 2 xdx - ( 2 ) 

Adding ( 1 ) and ( 2 ) we get 

* 

21 = (Wsin 2 x+eos 2 xjt/v 

=>2/= r z l«£r 

II 

2 


=> 2 /=- 


4 


Example - 2.2 - Is one of the most common questions, asked Lakhs of times in all sorts of school and 
entrance exams. 


I: 


>isi 


SMI X 


=dx 


Vsin.r + Jvasx u _,. r . . r . L1 . 

Find Modification of this problem is to divide the Denominator by / Sin x 

bringing the numerator down ( below Denominator ). So the denominator becomes 1 + /Cot x 


■' cos 


Also the problem could have been 


/ cos 


ysini 


ci-x 


or without roots 


sin* 

sin* + cos* 


-dx 
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Cos x 


-tfv 


Or 


sin.r+ cos.r 


The approach to solve these remain the same 


ar 


J sin.v 


'/sin.v + -Jcosx 


Jx 


1 ) 


I . irm %■ 


s/sill X + y/c OSJt 





M+HH 


"0 


vcos 


r 


A 


/cos + Vsmjr 

Adding (1) and (2), we obtain 


* vsin x + Vcosx 


2/ = m</j 


21 - 


IT 


/ = ” 

4 


Example - 2.3 - Not only Sin x or /Sin x but Sin 3/Z x or Sin 5/2 x or Sin (2N+1)/2 x 
meaning Cos or sin (0ddNaturalNumber)/2 x will have the same approach 





sin 2 .v + cos 2 x 


Adding (1) and (2), we obtain 




\ sin 1 .v + cos 2 x 


sin- v + cos 2 x 


dx 


M 

2/ = P' I otr 
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Spoon feeding 


If / = 


x!\ dx 


) +yfmn, 


, then / equals 


(a) — 
12 


CO 


K 

4 


(b) 7 

ft 


w f 


An.v. (a) 

Solution We can write 


/ = 




COS T 


yjcti&x + JsirTt 


dr 


ft 

Using dr — f{a + h — x)dx t we can write 

'Xft .Jco&ififl -jc) 


/-I 


= J 


^ cos Orfl - x) + ^/sin (xf2 - x) 

Jl i 


dx 


nfb ^sin JC 

^ jc + Jcosx 


dx 


Adding (1 ) and (2)* we get 


2/ * dx « jt]^ s y 


/= j*12 


0 ) 
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Example - 2.4 - 


Solve 


jP ( 2log sin x- log sin 2 x)d\ 


l.ei / = Jr (2k>g sin x- log sin 2x)dx 

m 

=> / = | : 2log sin x - log ( 2 sin x cos x ) j dx 

1 

=> l - J^ |2log sin x- log sin x- log cos .t- log2j dx 

ft 

=> / = \ log sin .if - log cos x - log 2} dx - ( 1 ) 


Applying 


J l /(•'•) dx = f ° f{a - X) dx 


we get 


==> / = J* l log cos x — log sin x - log 2 j dv ( 1 ) 

Adding (1) and (2), we obtain 


2/ = P ( - log 2 - log 2 )c/t 

n 

2/ = -2 log 2 Jp I 


/ = — log 2 


Jt 

2 


^/=^(-log2) 



=>/ 


u 


log 


1 
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Example - 2.5 - 

t 

sin ' _T dx 

Solve 

Sin 2 x is an even function. Recall if we replace x with -x and then get the same value as the original 
function then it is even function. Sin 2 (-x) = Sin 2 x 


f /(*)* = 2 f/(j)<fc 

So we apply ^ J 


£ 

/ = 2jf J siiv x dx 

=2 (ih^i dx 

li 2 

n 

— ( I - cos 2x ) dx 

sin 2.v 


■[*-- 

. n 
' o 

And then as before 


Jo 


/= 2 cos 2 _Y dx - 

Jl \ 


it 

f „ 

=>/ = 

[ 2 cos’ 

!T 

J 

L 

.1 

J 

=>/= 1 

- sin' jra&r 




We could have also done 


* 

21 ~ fusin'* x+cos~ xjrfv 

X 

=>2/ = fildx 


2/ = [.v] 


2 / = — 
2 

/-* 

4 


dx 


So result is 2 X tt/4 = tt/2 
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But ideally I would have solved these problems by using gamma function 


show that 

fusin'" x cos" x dx - 

Jo 

where m and n are integers. 

Proof 

Case I. When n = 0. Then 

fusin' xcos, H xdx 

Jo 

- f^sin”jr«fc 

Jo 


m + 1 

n + 1 

2 

2 

J 

m + n + 2 


2 


J* +2LA ^s\n m - 2 x dx 


sin x cos * | m-\ ( %_ Zm 

m 


OT “ l fjj < m _ i j 

sin j tax 

m 


Learn more about Gamma function at 

https://zookeepersblog.wordpress.com/gamma-function-integral-calculus/ 


So 


* * 

J* ^ xdx p cos 2 xdx 


2 + 1 

0 + 1 

2 

2 

, 2 + 0+2 


2 

+ 1 ) 

„r 


recall 


r Vi = /n 


r 3/2 - VlY Vl because T ( n + 1 ) = n T n 3/2 is ( Vl + 1 ) so n = Vl 


r 2 = 1 because T 1 = 1 So Integral = ( (('/ 2 )/n)( /tt) )/ 2 =n/4 
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Example - 2.6 - These type of problems are known as removal of x 


r 


» x dx 


Solve 1+sitl.V 


. . f™ x clx 


=>/ = 


/ = 


I'u 


dx 


< rc - v ) 

sin(7t-»v) 
r* ( JT — -t) 

dx -(it 

Jo 1 + sirur 


Adding ( 1 ) and ( 2 


21 = r — - — dx 

Jl I + sinx 


2/= *f; 


(I - sin a ) 


dx 


2/-*ri 

rnc" v 


(1 + sin a)(1 - sin a') 

« l — sin A" 
cos : X 

21 = 7t | see : x - urn xsec xj dx 

2/ = n[tanx-secx]* 

2/ = ,[2] 

I = 7t 
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Example - 2.7 - 

X 

J\ sin' xdx 

Solve 2 


Sin 7 x is an odd function. Because Sin 7 ( - x) = ■ Sin 7 x 


So we use 


£/(*)<* =o 


So answer is 0 


Example - 2.8 - 

f cos' xdx 

Solve * 

Lit /= Jf cos’ xdx -‘(0 

cos' (2 jc-x)= cos 5 x 

We have 

f V — 2 j”/ ( y)</v. \\'f{2a -x) = /(.y) 
= 0if/(2a -*) = -/(*) 

/. / = 2 £ cos 7 xdx 

=>/ = 2(0) = 0 [cos' (it -*) = - cos' y] 
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Example - 2.9 - 


Solve 


f 


- smx-cos.v 


1 + si n x cos x 


dx 


Let / = P 


5 sin.v-cos.v 


l+sin.vcos* 


dx -ii 


„ sin 


K 


-X 


-cos (l - *) 


1 +sin 
l+si 


x \ 

-x cos 

2 J 


dx 


Jt 

v2 


-x 


cos.x-sm jc 


dx -(2) 


sin a - cos x 


Adding ( 1 ) and ( 2 


2 ' = f 


0 


1 +sin,vcos,v 


-dx 


/= 0 


Example - 2.10 - 

f log (I +COS.t)tiv 

Solve 

Let / = j Iog( l + cos_y)c/y -{ i ) 

=> / = flog(l + cos(n-jc))^ 

=> / = J* log ( I cos X ) dx -{ 2 ) 

Adding ( 1 ) and ( 2 ) 
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2/ = f [ log ( I + COS X ) + log ( I - COS A* ) j dx 

=> 21 - j[ log ( I - cos 2 x)dx 

21 = £ log sin J x dx 

^>2 1 = 2 log sin xdx 

I = J log sin xdx -(B) 

sin (ti - x) — sinx 

1 = 2 J^logsinxtZv -(4) 

2 p log cos x dx 

-(5) 


/ = 2^ Ingsinf --*)<*- = 


Adding ( 4 ) and ( 5 ) we get 


R 

21 = 2 P (log sin x + log cos a)^t 

X . 

=> / = P (logsin x + log cos x + log 2 - log2)rfv 

X 

=> ! - £ 2 ( log 2 sin x cos x - log 2 )dx 

X Jt 

=> / = j 2 logsin 2xdx- J : log 2 dx 

Let 2x=t so 2dx = dt when x=0 t is 0 and when x = tt/2 t = tt 

:. } - £ log sin i dt - ^ log 2 

=> / = — 7- — log2 
2 2 

/ it , _ 

=> — = — log 2 
2 2 

=> / =-H log2 
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Example - 2.1 1 - 


f'7^7 — A 

Solve Wx+da-x 


Add with 


l ~ I, / -j=dx 

M \}a - x + vx 


Jj yjx + \ja- X 

^ 2/ = J* It/x 


=>/ = 


2 / = 
a 


Similarly 


r-J ! 

J 3 

> f* 

dx then / equals 

,/8 -x + 4x 

fa) 1 


(b) 2 

(c) 3 


(d) 3.5 


Aits. (a) 

Solution Using the properly 


fb rh 

l J(x ) dx = /fa + b - x)dx 

jd Jj 


we can write 


rs 

h 


Adding 


f5 \x +J&- x fi , « 

2/ = f . .... — dx = dx* jrJi 






21=5-1 = 2^1 = L 
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AIEEE ( now known as IIT-JEE main ) - 2002 


7 2x(l + sin jc) , 

J ax is 

-IT 1 + COS" X 

(a) n 2 IA (b) it 2 


(c) 0 (d) tt/2 


(b> 


- 2 f — 

' J 1 + 


x . jsini 

dx + 2 I — dx 


—ft 

ft 


cos 2 X 


■ f — 
J 1 + 


COS" X 


1 + COS X 


^ , xsinje 

= 0+2| —dx 


= 2-2 


xsm x 
I + cos 2 x 


ji 

- 4 J 


0 


xsmx 

1 + cos" X 


dx 


3i c smx . 

= 4 * oh ~ dx 

2^1 + cos x 

f 


rL JL 

by using J xf(sin x) dx = ^ J /{sin ,v) dx 


71 


= 4 — x 2 


s/2 

l 


sin x 


■ dx 


l + COS X 


= 4it {tan cos x) 


(By putting cos x = t) 


= 4k * 

= it 2 


^-0 
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AIEEE ( now known as IIT-JEE main ) - 2005 


jt 2 

The value of f cos - dx, a > 0. is 

" t . X 
— Jt 1 + tl 

(a) k/2 (b) an (c) 2 n (d) nfa 

Solution 


jT 2 

(a) : Let f(x) = f cos - dx (n > 0) 
— 'jt l-a x 

/00 = J 

— it 1 + rT 1 


...( 1 ) 


■■■ J f(x)dx=jf(a + b-x) 

a a 

T V 

, ; a cos x , 

■■■ / oo = i — 

— 7T 1 + TJ 


- ( 2 ) 


2/00= J cos 2 .r <7x = 2J cos 2 .v dx 

— 7T 0 


= 2x2 J cos 2 ,v dx 2 fix') = 4 • - x — 
0 ' 2 2 


By using j sin" t dx 
o 

n — 1 n - 3 1 7T ., 

= — x — it n is even 

n n — 2 2 2 

fix) = * 


Spoon feed with Sin 2 x 


If / = 


r 

J - jr 1 +a 


a > 0. then 1 equals 

(a) it (b) n/2 

(c) an (d) an/ 2 

Ans, (b) 


Solution As in Example 2, 



(sin(- .t)) 2 
t +a* 


dx 


o' sin : i 
I +a l 


tlx 


(1) 


(2) 
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Adding ( 1 ) and ( 2 ) 

2/ = f sin 2 j cdx 
J-JT 

fJf 4 - 

- 2 1 sin" x dx 

Jlj 

- f (i - cos 2xi dx 
Jo 

( sin 2 xY 

= l X -—l=* 


1= n/2, 


Walli’s Formula 


If n is a +ve integer then ‘sin" xdx= j^ : cos"x dx has 




the 


value 


n “ I m 3 ff 5 2 ■<> i j j 

if n is odd 


n n-2 n-4 3 

and the value 

n-1 n-3 n-5 .U.i * is even 


Proof 

Let 


m h-2/1-4 42 2 

/ = f' : sin"xd!r 
» Jo 

= sin" ^ - x j dx 


ljix)dx 
“ f 0 /{a-x)dx 


= P 2 cos” x dx 
h 


cos' 1 x sin x 


n 


% 


+ 

o n 




cos"'* x tic 


n - 1 


»- 1 


Replacing n by m - 2. we get 
n-3 


/ , = 


n-2 


At -4 


(I) 


... ( 2 ) 


Putting the value of / _ , from (2) in (]), we get 
n-1 m-3 


/ = 


n n-2 




(3) 
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Replace n by n - 4 in (I), we get 
n-5 , 


_ i 4 'ji-6 

* n - 4 


... (4) 


Putting the value of / 4 from (4) in (3), we get 
n - 1 n -3 n - 5 

/ _ * ~ * " "7 f n - 1 

" n n- 2 « - 4 

Proceeding in this manner, we see that two cases arise ; 
Case I. When n is odd, then 

n - 1 n - 3 «- 5 2 , 

i a 

" « n-2n-4 3 


Now 


/, = f^sin xtir 

■ Jo 

= (-COSx)f 1 


= I 


K = 


n-\ n-3 «- 5 

n - 2 M - 4 


Case II, When n is even, then 

n - 1 « -3 «-5 1 . 

/ _ . — - • /„ 

w w-2 n - 4 2 

Now / 0 = j?*sin° x dx 

« <x# 

ji 

= 2 

rt-ln-3rt-5 I Tt 

/(( " - fT‘rt-2'n-4”"'2 2 
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AIEEE ( now known as IIT-JEE main ) - 2006 


6 f~. 

t f V-* 

The value of the integral, , 7 = dx 

(a) 1/2 (b) 3/2 (c) 2 (d) 1 


is 


Solution -(b) 


f 


i 


/(.V) 


f(a+ti+x) + f{x) 


= J/(x)rf r = 






3 -fa - ~x + 


dx = 


6-3 


i 


AIEEE ( now known as IIT-JEE main ) - 2006 


-t/2 


j [(x + it) 3 + cos 2 (jt + 3 k )]fZr is eq ual to 


-371/1 


fa) 


71 


32 

Solution : 


it 4 ji 


(b) ^ <0 f (d) f-i 


— T 
2 

(c) : Let 1 = f I (x + jt) 3 + cos 2 (x + 3 te)~| dx 
-3jt L - 

2 

Putting x + 7i = z 

„ —71 71 * -3tt -3 

also x = — => z = — and x = => z = — 

it 71 

— — jL- 

dx = dz 

and x 4- 3 tt = 


_ 71 


Tt 
~2 

7= \ [r 3 -i-cos 2 (2“-i-r)]rfr 


= J i 3 di + J cos 2 zdz 


-71 

~T~ 


= 0 (an odd function) +2 J cos 2 r fit 

b 

A . 1 71 

=0+2— x— 

2 2 


using fact J sin" x dx 

b 


n-1 n-3 1 n 

— X — if H = 2WI 


ra /1-2 2 2 

2 if n = 2m i 1 

n n - 2 2 
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Type 3 - Special Definite Integral Formulae 

Great mathematicians proved and Derived many interesting results. We have to know these results as 
of standard 12. Deriving all of these is not in course of IIT-JEE, or PU 


* 1 

ie **dx = - 

o a 


fx*e **dx = 


a> 0 

r.>+i) 


n> -1, a>0 


a 


7+1 


2a 


j'X€ dx = ^ 
0 L 


a> 0, n positive integer 
a> 0 


o 


*^dx = — 


\ JF 

T 


CO 

f e-* 2 dx=^ 
o 2 

oo 

J xe~' 2 dx = t 
o 

DO 

j x 2 e~ x2 dx = ■ 


Or say to scare you more 


j In (o + 6 cos*) dx — In 


+ \U- - b*\ 


J 

f 2* Imi, a. h > fl 
1 In (a 2 — 2 ab cos % 4- fr 2 ) dx = ■] 

^ i> [ £b- In b f b z = a > 0 

I In {1 -h tan a;) dje = ^ In £ 

[ 'sec » In da: = 4{(cos“ l a) s — (co^ -1 h ) 2 ) 

- ' Q \ 1 + o. cos x/ 2 

- -( 1 S S + , ¥ S + 


o 

Tx 4 e- t2 d^= K7r 

J o 

oo 

| x^e~ xl dx = 1 
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While the Indian toppers of IIT-JEE will know how to do these 


7T 

'2 sin 2 nx 


I sin” x 

J o 

7T 

I cos ” X 

•'o 

( 

f 4 tan 71 
Jo 

TT 

i 


/* = 


dx 


L = 


n- 1 

n 

n- 1 

n 


In-2 

In-2 


■dx I„ = 


2 ( — 1 ) 


n-1 


L = 


2 n — 1 

1 


+ In - 1 


e”* cos” x dx / n = — 


n -1 

a 


-In-2 

n(n — 1) 


n 2 + a 2 T n 2 + « 2 In ~ 2 


J x”cos xdx I” ~ ( 2 ) ~ n ( n ~ l)At- 


Some of the Derivations are given at 

https://zookeepersblog.wordpress.com/iit-iee-integral-calculus-indefinite-definite-integration- 

skmclasses-south-bangaiore-subhashish-sir/ 


Solve 


E 

jj* log ( 1 + tan x Jt/\ 


( This was there in the formula list above 


1% 

Lei I — J"* log (I + tanx)tZr 

1+tan (f- jr ) 


dx 


X 

I = Ptos. 

Jt> c 

/ = jJlog 

'-f/'og 


Jt 


1 + 


tan - tan x 

4 


< n 

l + tan tan x 

4 


>dx 


Ji + lz ^ U 

1 + tan J 


(l + tanx) 


dx 


x x 

/ = J 4 log 2 — J 4 log (l 4 tanx)c£r 

! = J 4 log 2 dx - 1 
21 = [xlog 2 ]j 


2 / = ^log 2 
4 

/ = — log 2 
8 
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Type - 4 - Integration of a modulus function. To be done piece wise due 
to break or reversal of value(s) somewhere. 


Example - 4. 1 - Solve 

Around x = -2 the value of ( x + 2 ) flips. Student can solve x + 2 = 0 to get x = -2 

In some cases there will be a Quadratic function inside the modulus. In those cases there may be two 
separate values around which the value of the expression flips from positive to negative, or vice versa. 
These are the real roots of the Quadratic Expression. If the roots of the Quadratic expression are 
imaginary then the expression is either positive or negative for all values of x 

So | x + 2 | = x + 2 for all x > -2 or rather right side of -2 ( Better written as -2 < x, as per number line ) 

And for x < -2 | x + 2 | = - ( x + 2 ) = -x - 2 This ensures that | x + 2 | is always positive 

Thus the integral has to be split from -5 till -2_ [ meaning -5 till less than -2 or -2-6 where 6 is very 
small positive number that tends to 0 ( zero ). Mathematically we write Lt 6 -> 0 ] 

While the other part will be -2+ to 5 [ meaning -2+6 till 5 where 6 is very small positive number that 
tends to 0 ( zero ). 

So we have the solution as 


L 


_Y+ 2 


dx 


H> +2 * + j> + 2) * (JyM=J7M+jVw) 

HHH 


fc£ +2( - 2) _H)L„_ 


2(-5) 


{= 


+ 


^3-+2(5)-fcP— 2f-: 


(- 2 ) 


= -| 2-4-— +10 


25 

— + 10-2 + 4 

7 


25 25 

= -2 + 4 + — -I0+— +10-2 + 4 
2 2 

= 29 
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Example - 4.2 - Try another one where modulus flips around 5 


Solve 


jp- 


dx 


X - 5 < 0 in [ 2,5 ] and x - 5 > 0 in [ 5,8 ], thus 

/= r _ (* _5 ) dr + J 1 S ( Jf - 5>)dx 

12 j r " 2 

= 9 



Spoon feed 


if/ 


= J‘ (Lr + 1 1 + lx + 2! + Lr - II) <1*. 


then 


! equals 


(a) 


31 


M 37 
( 0 ~ 

Anj. (a) 

Solution We can write 

/ = a + h * h 


where 


(W f 

39 

(d> f 


/i = J lx + If dx etc. 

Put Jt + 1 s f, so that 

} { - J ^ \t\ dx - J (- f) dt + t dt 


= -i,' 

i . 


TO . 

+-1 2 


13 


Jto 


Similarly, l 2 = 1$ = — 

£ 


Thus, 


,.21 

2 
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Example - 4.3 - Try to integrate modulus of Quadratic function 
Let us cook the Quadratic Q(x) such that it has roots 1 and 7 
So Q(x) will be ( x - 1 )( x - 7 ) = x 2 - 8x + 7 


y 



It is obvious that Q(x) is +ve when x is less that 1 or when x is greater that 7 
Q(x) is negative when x is in between 1 or 7 ( 1 < x < 7 ) 


Now if we need to find -io 


J" ( x 2 - 8x + 7 ) dx 


J^Q(x)|dx 


then we have to split from -10 to 1 then 1 to 7 and 7 to 1 1 


x 2 - 8x + 7 ) dx 


So 


-10 


.i 


ii 

( x 2 - 8x + 7 ) dx 


If the Quadratic function has imaginary roots b 2 < 4ac ( say b = 2 a = 3 and c = 4 ) 
It will be above x axis always ( a being positive ) 


y= 3 x 2 4- 2 * -I- 4 


Q(x) = 3x 2 + 2x + 4 which will have a graph of 


y 



So if we have to integrate from any lower limit to any higher limit of | 3x 2 + 2x + 4 | if will be straight 
away done by integrating 3x 2 + 2x + 4 
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AIEEE ( now known as IIT-JEE main ) - 2002 


lCur 

| lain .d dx is 

IT 

(a) 20 (b) 8 


(c) 10 


10ft 

(d) : J | sin x | dx 


lOit n 

_ J j sin x | dx - J | sin x | dx 
0 u 

- 10 x 2 - 1 x 2 

(d) IS =18 (Using period of |sin x\ = n) 


AIEEE ( now known as IIT-JEE main ) - 2004 


The value of j j 1 - x 2 j dx is 

—2 


(a) 7/3 (b) 14/3 (c) 28/3 (d) 1/3 j\^ e va lue of the Quadratic flips around -1 and 1 


3 , r 

(c) : | |l - A - 2 1 dx = J 1(1 - A-)(l + x)\ dx 


-■) 


Putting 1 - a- = 0 , . ,r = ± 1 
Points -2. -L 1.3 


i -x 2 

3 

1 


1 - x 2 if | x |<: 1 

| (1 — (1 — x 2 )) ifxc -1 and x > 1 


( 1-0 




dx 

l 


= j* (x~ - l)<±c + [ (1 - x 2 )dx + j" {.v" - i)dx 


4 


7 


— 4. 7 — 


-1 

0 28 
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Example - 4.4 - 



/= 2*J£ r^b «2<r 

Jx* i-stiw J ^6 coj.2, 

= 2 k (tan ( + sec 
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Type 5 - Cousins of 6 functions 

Beta functions are not directly in course. But in past 50 years, twice in IIT-JEE we had similar 
problems. 


Let us start with an easy example - 5.1 - Which can be solved by 


J 0 ° f(.x)dx = j o ° /(<» -x) dx 


Lei / = x{ I — .r) dx 

■■■'-fc-'XMMr* 
= f( ,_j 0W* 

_ V*' _ ]' 

/ r + 1 /;+ 2 L 


1 _ 1 
_n + 1 n + 2 \ 
(n+2)-(w+l) 
(« + !){« + 2) 

I 

(rt + l)(« + 2) 


The same problem was asked in AIEEE ( now known as IIT-JEE main ) - 2003 
So solving in another way for practice 

1 

| A'(l - xf dx is 
6 

11 1 1 

fc) 

77-1 77+2 w H+l }l + 2 


The value of the integral j = 


(d) 


1 

n + 1 
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i 

(b) : J Jt{ 1 — _y)" dx 

a 

Putting x - sin 2 0 

dx — 2 sin 6 cos 0 d% 
and x = 0, 0 = 0 

x = 1,0 = n/2 

1 tt/2 

. | x(l — x) n dx _ j sin 2 0cos 2 '' 0 

0 0 

(2 sin 0 cos 0)df0 

n 

2 

= 2jsin 3 0cos 2 ' , + W0 
0 

n /2 

, Using f sin 2,1 + 1 0cos 2iI + *0^0 

0 

[{2n){2» - 2),..2][(2 /i)(2j? - 2)...2] ~ 

(4n + 2)(4/7)(4n — 2). ...2 

nil 

2 J sin 3 0 cos 2 " + 1 G d0 

o 

2[2 x {2n)(2n - 2)(2 n - 4) ...4.2] 

~ (2 n + 4)(2 n + 2)(2n)(2fi - 2)... 4.2 

2x2x1 

(2n + 4X2 h + 2) 

1 

(n + 2 )(« + 1) 

= (by partial fraction) 

n + 1 n + 2 

This was simplified version of Gamma Function. In fact Beta Function and Gamma Function are related. 
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Example - 5.2 - 

f x\'2 - xdx 

Solve 


Let / = f W2 - xdx 

JiJ 

I =j*(2-jc)sfxdx 
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Example - 5.3 - 


Eva I ute jj* (2 a - x) ^ dx 


Solution : 


/ = fj x% pa~ x)' yi dx 


Put x = 2 a sin 5 0 

dx = 4a sin 0 cos 0 d6 


- £ 2 (2 aV 2 sin 9 0 { 2a - 2 a sin 2 0) ^ - 4 a sin 0 cos 0 

- -sin 9 0 - (2a) ^ cos 1 0 ■ 4asin 0 cos 0^0 

Jo 

= (2a)* ’4a- f* 2 sm l "e</0 

Jo 


= 64 a 


, 9 7 5 3 I 7t 


10 8 6 4 2 2 
63 it a 5 
3 


Using Walli’s formula 


Example - 5.4 - 


If l n = £(a 2 -x J ) dx, and n > 0, prove that 


/ = 

■ 2* + l. ■' 

Solution : We have 


Put 


= j '^(a 2 - a'- Sin 1 e)"(a cos 0 ) dQ 
= a-"*' f^cos'^'e^e 

h 

cos 1 " 9 sin 


x = a sin 0 
dx = a cos 0 dQ 


= a 


In* I 


2 n +■ 1 


277 {% 2jii - 1 


2« + l 


f^cos 1 "" 1 0 dQ 
Jo 
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= a 2 "’ 1 r ; cos , "' l 0rfO 

In + 1 

2n + 1 t J " > 

2 na ! 

1 ii It ~ * 

2n + 1 


You can learn more at 

https://zookeepersblog.wordpress.com/beta-function-integral-calculus-definite-indefinite-integration- 

skmclasses-south-bangalore-subhashish-sir/ 


Type 6 - Integration with greatest Integer functions ( Also known as floor 
Function ) 

[ 2.3 ] = 2 while [ 2.9 ] is also 2 as it is the Integer equal or below ( lesser ) than the number 

Note - most average students make an error in floor of negative number [ -6.3 ] is -7 as -7 is the integer 
just lesser than -6. (whatever) 

L x J 

Floor function is also written as 

Example - 6.1 - 

The value of the integral f(* - [*]) dx is 

(a) M 
(c) 3[*] 


<b) jM 
(d) 2[*J 
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Solution : 


2[*1 2(x) I 

\(x-[x))dx= J(*-[*)) dx 


"2 M }(*“[*]) dx 


[V x- [jr] is a periodic f n of period 


=2[x] 


x 

7 


I I 


0 0 


= 2[x\ 


(H 


1 1 

M 


AIEEE ( now known as IIT-JEE main ) - 2002 


j [.v 2 ] dx is 
o 

(a) 2-V2 

(c) V2-1 


(b) 2 + -J2 
(d) V 2-2 


(c) : J [x ]dx = |[A-]t/ 5 f + 

0 0 

45 

= 0 4 - J 1 dx = 7 ^ _ 1 


45 

J [x 2 Jdr 
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Spoon feed 


If / * f [x 2 ] dx , then I equals 

Jo 

(a) 2-4 + yfl (b) 2 ■ 4 - -Jl 

(c) 2-4 - -Jl (d) 2 ■ 4 - IA/2 

(b) 

Solutirm Put x 2 = t 



= {J2 - 1) + 2(1,7 - J2) 
= 2 4 - 71 
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AIEEE ( now known as IIT-JEE main ) - 2002 


JI ' 4 


/„ = | tan”j;d!x. then lim »[/„ + /„_ 2 ] equals 

g K— 

(a) 1/2 ( b ) 1 (c) on (d) 0 


fdA 


(b) : /„ = | tan" x 


dx 


idA 


I 


■■h + h- 


tan" 2 x dx 


idA it/4 

x dx + | tan" ~‘ L xdx 


| tan" x dx + J 


tt/4 


tt/4 


= J tan" ‘ x x (sec 2 * — 1) dx+ j" tan" 2 x dx 


o 

n/4 


= J tan" ‘ x see 2 x dx 


o 




I 


n + 1 


1 


+ 1 + 1 /„ 

. Lt 

" ' Jl — > QC 


«('„ + _ 2 ) = 1 


Example ( Be Careful Just because [ ] is used do not assume greatest integer function. Solve the 
problem as greatest Integer only if it is told or as per context. ) 
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The value of 

I = J [jc 3 + 3a 2 + 3jt + (jc + 1} cos (jc + 1)] dx, is 

(a) - 4 (b) - 3 

(O -2 id) - i 

A/u. (c) 

Solution We can write 

I = |° 2 1(4 + l) 3 " I + (JC + 1) COS (X + \)\dx 

Put x + I = i, so that 

/ = | |r* - l + t cos t]dt 

= J* (- 1 )dt = - r|ii = - 2 

As t 3 + t Cos t is an odd function 


AIEEE ( now known as IIT-JEE main ) - 2006 


The value of J [x] /'(x) dx, a > 1, where [a] denotes 

i 

the greatest integer not exceeding x is 

(a) af(a)-{f0)+f(2) + ...+/([£,])} 

(b) M/(a) - {/ (l)+/(2) + ... + /([«])} 

(c) Wfm) lT(l)+/(2) + ...+/(«)} 

(d) a/([a])- {/'ID +/(2) + ...+/(«)} 
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Solution : 


(b) : j [r]/'( x)dx . say [o] = K such that a > 1 

2 

= ]lf’(x)dx + ]2f'(x)dx + + 

l 7 

j (K-l)nx)dx + ]Kf(x)dx 

i-i r 

~f (2) ~f (1) + 2[/ (3) — / (2)] + 3[/( 4) -/( 3)] + ... 

m - 1) ifm - m -i)] + - /m 

= - [/( 1) +/( 2) + + /(*)] + ^/(a) 

= + + +/(M)3 

Example - 6.2 - 


ir / = 



(!) 


where [jr] denotes the greatest integer < a, then / equals 
(a) - 2 (b) - 1 

(c) 0 (d) l 

Ans. (c) 


Solution 

write 


As log 



is an odd function, wc can 


/* J' ( [x 2 )dx + 0 

But for - 1 < a < 1, 0 £ x 2 < 1 and thus, [j r] - 0 

/ = 0 . 
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Example - 6.3 - 


J[x 2 ) is equal to 


-2 


(a) 10-2V3"2V2 (b) 10+2^3-2^2 
(c) 10-2 V5 + 2 V2 (d) none of these 


Solution 


(a). 1 1 .r ; ] dx = 2 J|.t 2 i etc [ V integrand is even ] 

-2 a 

'l & 2 

j [X 2 1 <k + |f l x : 1 ] dx + 1 1 * ' 1 \ dx + Jf x 2 \dx 
.« I Jf J? 

• (.r 2 ] - 0 if 0 S x < I; I if 1 < jr < \ 

2ifV2 <x<>/3;3ifV3 <x<2 

l Jf JI 1 

|0(A + Jldr+J^tfr+Jjrfv 

o t jl & 

-2(*)|f +4U)|^+6(r)|j5 

-{10-271 -2V2). 
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Type - 7 - Problems with functions, derivatives, with some given 
conditions etc. These are more common to be asked in various 
Engineering entrance exams. 

AIEEE ( now known as IIT-JEE main ) - 2003 

Let/ (.v) be a function satisfying/'!/) =/(x) with 
/ (0) = 1 and g(x) be a function that satisfies 
/ (/} + g-fy) - x 2 . Then the value of the integral 


f/(-v)fi'(.v>*r is 


o 




J fix) g(x) dx = J e x (x 2 - e x ) dx 


0 0 
1 I 


0 


= fx 2 e x dx-fe 2 *dx 


0 


0 


= [(/ - 2 * + 2 )^]' - — 
l 1 Jo 


=> log(/(jr)) = x 
=> f{x) = + k 


(b) : As f(x) =/’ (x) and/(0) = 

/'(x) 


fix) 



Using/" (x)^ dx = e x \f n {x) -j\ n [x) + ff(x) + ... 


+ (-!)"/(/] 


=> f(x) = <r T as /( 0) = 1 
Now g(x) = x 2 — e x 


where /,, /, are derivatives of first, second 

,..» th order. 
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Example - 7.1 - 

* - 

Letg (x)= J f(t) d:, where /is such that - 5/(r) 5 I 
o 2 

forte [0, l]and0</(/)5 ~ forte [1,2]. Then, 

(») -|sg(2)sl (b) |s«(2)s| • 

(c) lsg(2)sl (d) none of these 

Solution : 

2 

(c). We have, g(2)= j/(t)dr 

o 

. * 2 

“J7(0<* + ]f(t)dt 4i) 

o i 

Now, i S/(/)£ l,for/e[0, 1] 

and, 0</[OS-, forte [1,2] 

2 

=> ^ (1 -0)5 5 1(1-0) 

2 0 

2 

and, 0(2-l]S Jf(/)dt 5 -(2-1) 
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('*' M for are \a, b] 

b 

a 


f * 

=> and 0 $jf(t)dr<- 

. « I 2 

1 2 

o i 2 

2 

=» “s|/(»)<*s| or ±Sg(2)s| 

0 2 2 


AIEEE ( now known as IIT-JEE main ) - 2003 

Iff 00 = t? sOO = r : y > 0 and 

t 

Fir ) = j fit - y)g(y )dy . then 
o 

(a) F(t) = e T - (1 + r) (b)F(r) = re t 

(c) F(t) = re- t 

(d) Fif)= l~e T (l+t). 

t 

(a) : From given F{t)= \ f (t - y) g{y) dy 

o 

T 

-l^ydy (By replacing y -> r - y in f(y}) 

0 

H / 

F (0 = -Jo - G)e 3 t/G = J 0 - 0 V e d 0 

= it e\‘‘- [(0 - 1 ) e«]/ 

= t{d - i) - (/ - iy - i 
= e>{t - t + 1 ) - t - 1 
-«'-(/+ 1 ) 
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Example - 7.2 - 

Let/(jc) be a continuous function in [-2, 2] such that 

2 

/(*) + /0 F ) =/U + y\ then J f(x)dx = 

•2 

2 

(«) 2 //(*)* (b) 0 

0 

(c) 2/(2) (d) none of these 

Solution : 

(b). Since,/(*) + / (v) =/(* +y) 

Replace y by- x 

=> /U)+/(-Jf)*/(Jf-JT) 

=> /(*)+/(-*> =/(0) 

Also, using ( 1 ), wc have 
/( 0 )+/( 0 ) =/(0 + 0 )=/< 0 ) 
m -o 

f(~x) *-/{*) 

2 

=> J /(*)«& =0 

*2 


4D 

42 ) 

{using (2)} 
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AIEEE ( now known as IIT-JEE main ) - 2003 

b 

(a), (c) : Let / = Jx/(x) dx 


b 



/ = J (a + b — x) f(a + b — x) dx 

a 

b 

Iff {a + b - .v) = / (x). then \x f (x)d\ is equal to 

a 

h 

I = J (a + b) f{a + b - x ) dx - 

a A 

(a) J /(*)* (b) b , a \ f(x)dx 

^ a " a 

b 

J x / (£7 + h - x) dx 

a 

(c) Cl 0 b f f{a + b x)dx 

b b 

I = | {£3 + b)f(x)dx - | xf(x)dx 

(I 

(d) C1 f J f(b-x)dx. 
* 

/= 2 | f(x)dx— ^ | /(° + b — x)dx 


a a a 


AIEEE ( now known as IIT-JEE main ) - 2003 


Let 4-f(x) = 
ax 



^ 1 . i 

If j -e smx dx - F(k)-F(\), then one of the 

i * 

possible values of k is 

(a) 16 O) 63 (c) 64 (d) 15 


=> = F(k) - F{1) 

l v 
64 si nr 

=> J dz = Hk) - *0) where (x 3 = z) 

l 1 

=> =m-H D 

=> F(6 4) - ni) = F(k) - F(l) 

=> k = 64 


AIEEE ( now known as IIT-JEE main ) - 2004 

R r /2 

f x/Csmx)Jjt = A \ f(s\nx)dx. 

If o o then A is n/4 


7T 

It 2 

(b) : [ .v / (sin x)dx = A f / (sin x)dx 
o o 

X 

~2 7T. ?T 

or Aj f (sin x)d\ = y j /(sin . v)Ja =jxf (sin. v)rfx 
0 ■“ 0 0 


(b) j: 

(c) 0 (d) 2ir 

IT 

2 

=> A [ /(sin x)dx 
0 

7T 

2 

= — x 2j/(smx)dv 
0 

2 

A f /(sin x) 
0 

=T> ^4 = K 

2 

= Ttj /(sinx)rfx 
0 
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AIEEE ( now known as IIT-JEE main ) - 2004 


If f(x) = -^-, /, = xg{x(l-x)}dx and 
J+e- f(-a) 

f(a) I 2 

1 2 = j g{jf(l then the value of ~r is 

/{-“) 1 

(a) -1 (b) -3 (c> 2 (d) l 


Solution 


(c) : As f(x ) 


f(p) = 


l + e A 

a 


. and f{-d) = - 

l + e a l + e~ a 

f(-a)+f(a } =1 

fW 


Now | xg{x(l - a:)} dx = 


/(-<0 

f (l-x)g{(l- x)(x)}dx 
/(-*) 


b b 

using | / (x)dx - [ / (a + b - x)dx 
a a 

/(a) 

=> 2 (" .vg {.y( 1 - x)} dx 

/(.-“) 

/(f) 

= f g {(1 - x)x} dx 
/(-«) 

=> 2 h = h 

h = 2 

h 1 


AIEEE ( now known as IIT-JEE main ) - 2005 


Let F : R —> R be a differentiable function having 

/ 1 \ 4/ 3 

/( 2) = 6, /'(2) = ^ . Then lim j 

\ / jr— >2 ^ X — 1 

equals 

(a) 36 (b) 24 (c) 18 (d) 12 

Solution 


/(» 4 ,i 


(c) ; lim .1 (0/0) 

x ~> 2 <5 A ^ 

; Um f(x) X 4(/(.r)) 3 


form. 


= 4/'(2) x (/(2)) 3 =1x4x6x6x6=18 
4 o 
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AIEEE ( now known as IIT-JEE main ) - 2006 


n 

Jx/(sinxy/x is equal to 


(a) Ttjf(oosx)dx 
0 

(c) ~ J /{sinjr)<*r 
^ 0 

Solution : 


(b) Jr|/(sin.v)t/jr 
0 

ntl 

(d) n | f(cosx)dx 
0 


(d) : Let I = j a/ ( sin x)dx 

o 

% 

I = f (ti - x)f (sinx)dx 
o 

using J f(x)dx = ]f{a- x)dx 
0 0 

By (i) & (ii) on adding 

IT 

1 = 4 J f(?mx)dx = 2-^ J /(sin x)dx 
1 0 ~ 0 


(i) 

(ii) 


[using J f (x hlx = 2j f (x)dx if f(2a - .v) = //)] 
"0 0 

IT 7T 

= rt J /} sin(4 - v) j rf.v = jt f / (cos x)dx 

0 b 


AIEEE ( now known as IIT-JEE main ) - 2007 


Let F(jr) = /(*) + /( —j, where /( jc) = 
Then F(e) equals 

(a) 1 (b) 2 (c) 1/2 (d) 0 

Solution : 


(c) : = + 


l/r 


111 / 

l + r‘ 


dr 


Fix) - f i JSC + -JSL- W - 1— * = t(ta.v) 2 
[[i+t (l+ori \t 2 


F{e) =1/2. 
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NT- JEE 1998 


If J* / (t) dt = x + t / (f) eft, then the value of / (1) is 

{B> 0 


(A) I 
(Q 1 

Solution : 


(D)-| 


Jo / M dt = x + t / (t) dt, 
Differentiating both sides w.r.t. x, we get 

/W-l-l-x/CxM 

=> (l+x)/(x)=l 

^ / (x) = 1/(1 + x) 

1 _ 1 

1+1 2 


f(D = 


Thus (a) = Vi is the answer 

Example - 7.3 - 

If/: R — » R is continuous and differentiable function 
such that 

x 0 x 

-1 1 

j 3 

-r(nft 2 dt+rwf‘dr. 

0 x 

that the value of /'(4) is 

(a) 48-8/'(l)-/"(2) 

(b) 48 + 8/'(l)-/"(2j 

(c) 48-8/'(l)+/'(2) 

(d) 48 + 8/'(I)+/'(2) 
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Solution 


w. From the given equation, we have 


Different tat mg w.r.l .r, we get 

/(.i)-/~(3) =.r s -.r/'(l)-j/“(2) 

Differentiating again, we have 


Example - 7.4 - 

If / and g are two continuous functions being even 


to (a being any non-zero number and b is positive real 
number, 6*1) 

(a) independent of / 

(b) independent of g 

(c) independent of both /and g 

(d) none of these 


//«)<*-.</'( 3) 


-1 



fix) = 3jt - 2xf'{ I )-f{2) 

/'(4)-48-8/'(l)-/-(2). 



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 

Solution : 


'(b). Since, j xf{x)dx - j f(x)dx+ j /(-x)A 

-a 0 0 

. f /M iff f /M 1 f S(~ x > 

■j /(x) *+r /w 

j M ul + I ' + 1 


J/(x)<fc, which is independent of g 


Type - 8 - Differentiation of a Definite Integral often combined with L 

Hospital’s rule. Generally in most schools L Hospital's form itself is avoided. Differentiation of 
Definite Integrals with functions as lower and upper Limits are knows as Leibniz forms. 

Learn more of Leibnitz forms at 


https://zookeepersblog.wordpress.com/leibnitz-rules-for-differentiation-of-integrals/ 


Leibniz Integral Rule 

While the easier version is 


3_ 

dx 


/ 

y = aia?) 


j(x t yydy 


D(I) 


y = a[fi 


T“ / g(x)dx = g(F 2 (x))f2(x) - g(fi(x))^(x) 
tlx 


Most problems of Standard 12 ( Engineering entrance ) are doable by the 2 nd ( easier ) version of 
Leibnitz. 
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I IT- J EE 2004 


/ 2 
j xf (x) dx = — t s 

If f(x) is differentiable and given as ° then find f(4/25 ) 

Solution - Differentiate both sides with respect to t ( using Leibnitz 2 nd form ) 

t 2 .f(t 2 ).2t = — ,5t 4 

5 Here if we put t = 2/5 we get t 2 = 4/25 So f(t 2 ) = t Thus f(4/25) = 2/5 

Example - 8.1 - 


* 




If = J [ 2 4 

3 

d 1 

— cos t 

d/ J 

dr then F' 

^ j is equal to 

(a) 

1/2 

(b) 2 

(c) 

3/4 

(d) 3/2 

(d) 





Solution 

Fix) j 

Jt 

- j (2 - sin /)d/ so 

i 

F'(x) = 2 

- sin x. 


Thus F'(7tf6) * 2 

J 

- 1/2 = 3/2. 





IIT-JEE 2007 


Solve 


lirn 

X— ?-7l/4 


f(t)dt 
X 2 - tt 2 /16 


Solution : We can use L Hospital’s rule because it is 0/0 form. Numerator and Denominator will be 
differentiated separately as per Leibnitz 2 nd ( simple ) form 

f (sec 2 x) . (2secx) . (secx.tanx) 8f(2) 

x-mc/4 2x tt 
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AIEEE ( now known as IIT-JEE main ) - 2003 


r •> 
f see " ft# 

The value of lim 0 ■„ .. is 

x^O A Slit A 

(a) 2 (b) 1 (c) 0 


(b) : Lt 


(t™ t); 


= Lt 


r-fO xsrnx 
ran x 1 


j-s-0 xsin x 


(d) 3 


= Lt 


tan a 


jc ->o i sin a 
x 


= Lt 


tan x 


1 


= 1 X i = 1 


sin x 


Lt 

-i -» 0 A 


Note in this problem Differentiation was avoided. The numerator was actually integrated and then the 
problem was solved. But often the function given cannot be integrated. In those cases Leibnitz 
Differentiation is an option. 


A beautiful problem from West Bengal JEE 2007 


t 2 * t 2 West Bengal JEE 
J te dt 2007 

Find lim 0 

x " >c * e 4x 2 

(a)0 (b)2 ( c ) 1/2 ( d ) Infinity 

Ans : ( c ) 

Solution - We have 


,2x 


te 1 dt 


Lim u „ 

1 =x - >eo 7^ 


form 


I 



using L Hospital's rule 


= 1/2 
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An alternate way of doing the above problem 


/ 


dt 


Hi 


~ t firm 


=* 1 m 

m f m 


J a. 



/ Sd(fl) 

p 

~~p~ 

p-\ 

IP 







Example Ratio of Integrals simplified individually 


The value of lim 


I*’ 1 sin 1 '" x Ax 

Jo 


■'*" f* ' sin : " * ’ Jtdi 

Jo 

(!) 0 (b) 1/2 

(c) 2 id] none of these 

Am, (d) 

Solution We know that = J* * sin^ x dx 


In- I „ 2/i -3 „ „ 1 „ k 

X x X — x — * 

2n 2n - 2 2 2 


^2n * 1 


nil 




sm 


2n + I 


X d.1 : 


2tt + \ 2n - 1 3 


Also, /j*., = 


2m 




2m + 1 

For all <0. »/2). sin*" ' 1 
Integrating from 0 to Vi 2. we get /j*- , * - 'i™ - 1 


x > sin 1 * 1 x > sin ‘ 1 v 


whence 

Also 


hrn - 1 




^jw-1 

^2jh+1 


2 m + 1 


2m 


r Hence lim 


^2 jw -1 


l 




(1 2m + l 
f Um — — — 
* 2m 


ti> 


'W*l j 

From (i) and using swdwilch theorem we have Ym^ 


:L 
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Type - 9 - Some Summation problems which are solved by converting to 
Definite Integrals 

AIEEE ( now known as IIT-JEE main ) - 2004 


lim V ^ & rin ♦ 

| mi v ~e !S 

r — | ft 

(a) 1 - e (b) e - l (c) e (d) e + 1 Reca n the 
Put 1 /n as dx and r/n is substituted as x the limit r=1 to 


basics to solve these kinds of problems 
n changes to Integral 0 to 1 


So 


(b) 


V” 1 

. Lt > - e 

n 


-l 


c x dx = 


r 

n 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 

AIEEE ( now known as IIT-JEE main ) - 2005 


.. f 1 2 I 2 3 4 1 2,1 

lim — sec — + — sec — + .... + -sec 1 equals 
n n n ~ » J 


(a) ^ cosec 1 
(c) -jtanl 

Solution 


(b) -seel 
(d) tank 


(c) : 


1 2 1 


lim — sec" — + -^sec 
«-» x f r n" n 


J 


i ^ 


1 ? 1 2 2 
; lmi —sec - — - — -sec - 

j 7 7 

n n n 


2 

\n J 

f 4 


+ see 2 1 
n 


ir 


n 2 
u 


... + —sec” 


f 2 \ 

n 


\ rr 


r =n / \ 

= lim x /Mr 

r = l \ n 


^ec" 


t ;)' 


lim X -(- 

jj-wc r = o ft \ ft 


1 f' W 2 ' r 


J x sec 2 (a 2 )dx = — tanl. 


Type - 10 - Inequality of Definite Integrals 

Schwarz-Bunyakovsky Inequality of Definite Integrals 


J f(x)g(x)dx < f 2 (x) dx'j ^ J g 2 (x)dx S j 

If f(x) and s(x) are integrable on the interval (a, b), then 
For example 
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Example - 10.1 - 

The value of the integral 

2 

j V(2* + 3) (3x 2 + 4) & cannot exceed 

i 

(a) V48 (b) V&6 

(c) V73 (d) none of these 

Solution 


2 J 

(b). JV< 2 * + 3 H3* 2 +4) dx 

I 

£ + 3)fl£ic- J(3* 


2 + 4)<& 




jg 2 {.r)<fr 


7(x 2 + 3*]* (7 J + = T^TT ^ JU 


Example - 10.2 - 

j l x dx 

Show that 0 < 0 < 1/17 

Solution : 


0 < x < 1 means x varies between 0 to 1 where x is a fraction. So x 3 < x 2 


Thus x 3 + 1 < x 2 + 1 


■=> 


■=> 


1/( x 3 + 1 ) > 

c \ x dx 

0 x 2 +16 


1/( x 2 + 1 ) 

0 X 3 *!* 


The function f (x) = 
= f(1) = 1/17 


X 

x *+16 


is an increasing function on [ 0, 1 ] So min f(x) = f(0) = 0 and max f (x) 
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Referring to the property - If the function f (x) increases and has a concave graph in the interval [a, b], 
then 


(b - a) f(a] < J b f{X) dx<(b- a) 

Or min ( b - a ) < Integral < Max ( b - a ) 



( The scale of y axis is distorted ) 


Thus min ( b - a ) = 0 ( 1 - 0) = 0 


and Max ( b - a ) = ( 1 /17 ) ( 1 - 0 ) = 1 /17 = 0.058823529 


AIEEE ( now known as IIT-JEE main ) - 2005 


3 1 I 3 2 2 

If /] = J 2 X dx, I 2 = J2 A " dx. /, - J2 r " dx and 
0 0 " ! 

2 I 3 

I A = [ 2 dx then 

(a) /,>/, (b) I 2 >I X (c) / 3 >/ 4 (d) h = l A 

Solution 


(a) : For 0 < .r < 1. .v 2 > x 3 


and for 1 < x < 2. x 3 > x 2 


i.e, 





2 

J 

2 - v “ 

> 2 X 


x 2 

2 > 2 


as > 



1 2 1 3 

J 2* dx > J’2* A 
b b 
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Example - 10.3 - 

f ^ — T lies between 

jl + x z + 2x 5 

1 , _ 1 . 1 
(a) - and 1 (b) -and- 

(c) ^-and 1 (d) none of these 

Solution : 

In the interval [0, I ],/(x) is strictly decreasing, therefore, 
we have. 

/( I ) £/(x) 5/(0), i.e.. “ 5/ (x) < 1 

4 

. 1 

,*.(1-0)- < J/(x)<*S(l-0)I 
4 0 

i.e., - < f f(x)dx£\ 

4 o 

Do it again 

f ^ — - lies between 

'l + x 3 +2x 5 

(a) -^Uand — (b) —f= and -- 

fc/3 4 3>/3 2 

(c) ~^j= and ^ (d) none of these 
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Solution : 


(c). We have, 

1 +jr 2 + 2t 5 £ I +jr 

and 1 + + lx 5 £ I +jr + 2JT 5 - I + 3? 


I 


I 


I 


1 ^ 


I + 3jt* I + x z + 2x s 1 + x* 


t dx t dx e d 

+ il + .* 2 +2jr 5 1 1 + 


dx 


tan” ! yfex 

~w~ 


I 1 1 


3>/J 


f ^ _ii 

S I > — “T 5 [lan jr]„ 

• 1 + jr z + 2x 5 1 *° 


Jo a 


^ f dx 

< . T < 

l \ + x*+2x 5 


< £ 


So we see as per the limits given we have to choose the approach 
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Example - 10.4 - 



Solution : 




Since4-x 2 ^4-x 2 -x 3 S4-2i 2 > 1 V je [0,1] 
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AIEEE ( now known as IIT-JEE main ) - 2007 


rsinx f cosx 

Let ’ — I — i =~dx and ./ = I — j=~dx. 

o o ' jx 

Then which one of the following is true? 


(a) / > — and J < 2 

(c) / < ~ and J < 2 


fb) / > — and J >2 

2 

(d) / < — and J >2 


Solution 


(e) : In the interval of integration sin x < x 



i 

I < - 
3 


Also 


- f cosx j 
j=\ dr 

o 



■\ J < 2 


-} 

3 


Example - 10.5 - 

2 


If/* J 


dr 


i 


ftp -9jr 2 +12 jc + 4 


.then 


( a ) I </<1 
2 3 

(c) -</<l 
' 4 


(b) -</<- 
4 3 

(d) none of these 
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Solution : 


(c). Lct/fx) = Ir 3 - -H 2 t + 4, thcn/(x) is a decreasing 

function on the interv al [1.2], 

8 -f (2) <f(x) </( I ) =9. 


Example - 10.6 - 

Let/be a real valued function satisfying /(x) + f (x + 6) 


(a) a linear function 

(b) an exponential (unction 

(c) a constant function 

(d) none of these 

Solution : 


' (c). Given f(x)+f(x + 6) -/<* +3)+ fix + 9) 

Put x - x + 3, we get 

fix + 3) +/(x + 9) =/<x + 6) +/(x + 12) 
=> fix) ~ fix + 12) 


Let g<x)» J f(t)dt =>f(x)-f(x+12)-f(x)-0 


=> g(x) is a constant function. 




Hence. — </< I. 

4 



X 


X 
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Example - 10.7 - 



(d). Given 

l l 

/(*) s x+x jy 2 f(y)tfy-x 2 lyf{y) 4 y . 

0 • 0 

> 'I f 1 

i + fy 2 f(y)<fy -x 1 jy/{y)dy 

o J (o 

=> / (x) is a quadratic expression ; 

=> f{x) m ax + fia^or/O*) m ay + by* „.( 1 ) 

t ' 

where, a ■ 1 + J y* f{y)dy 

0 

1 

1 + J y^iay + by^^dy 

0 
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, i ay* byr \ . (a b 

4 5 1 l 4 5 

20a = 20 + 5a + 46 or 15a-46 = 20 


* | 1 

and, / b = Jyf(y)<ty = jy'(ay + by 2 )<fy 


_ V . V I = « + * 

3 4 3 4 

=> 126 = 4a+36 or 9b-4a = 0 

From (2) and (3), 

180 80 
a= 119’ * = 119 
Equation (1) reduces to 


/(*)- 


80* 2 + ] 80 x 


.*• m 


160 x + 180 


0=s>x = 


and, /'(x) - — > 0 =»/(x) attains minimum atx- 
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Type - 11 - Finding Area or Volume by applying Definite Integrals 

This topic is covered in detail separately, in another e-Book 

Putting only one example from AIEEE ( now known as IIT-JEE main ) - 2008 

Area of the plane region bounded by the curves A “Oand.x 3_i - - j s ? 


Solution : 

We have to draw a graph quickly to visualize the intersections and thus the region that is being 
considered. 

(a) : Solution x+ 2r 2 = 0 and a + 3r- = 1 we have 






v = ± 1 


v = - 1 


x = - 2 


V = 1 x = - 2 

The bounded red on is as under 



The desired area = 3 . v ) ( 2 . v 


o 



2 4 

= 2 x — = — sq . units 

3 3 1 
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Example - 11.1 - 


The area bounded by the lines y* 2, * ■ 1, * * a 
and the curve y - /(*), which cuts the last two 
lines above the first line for all a & 1 , is equate 

- 3a + 3 -2 V 2 J- Then, f{x) = 

(a) 2^27*25 1 (b) 

(c) 2jx,xZ\ (d) none of these 


Solution : 


(a). We are given 

{[/<*> - 2] dx = j[(2o) m - 3o + 3 - 2 V2]. 
t 

Differentiating w.r.L a, we get 


m- 2 =| 


1^2-3] 


/(a) =2 V2 cT.aS I 
/(*)= 


This differentiation with respect to a or alpha is discussed below 


Type - 12 - A reverse integration by Partial differentiation by assuming an 
unknown constant, to be variable. Often written as a 

Example 


The value of the integral 



( b > 0 ) is 


a ) Ln | b | b ) Ln | b + 1 1 c ) 3 Ln | b | d) None of these 


Answer ( d ) 
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Solution : 


Let 1(b) = 0 



[ Considering x as constant and partially differentiating with respect to b ] 


Recall d/dx of a x = a x Ln a So d/db of x b = x b In x 



0 


x 


b + 1 


b + 1 


b + 1 


So I ’ (b) = 


0 


I" ^b = In | b + 1 | + c 

Thus 1(b) = J b+1 If b = 0, then 1(b) = 0 

Hence 1(b) = Ln | b + 1 | 

Type - 13 - Problems with Fraction symbol { x } 

{1.3} = 0.3 {9.1} = 0.1 The fraction part of the number 

Example - 13.1 - 


the greatest integer less then or equal to x and {*} is the 
fractional part of x is 



(a) 71 2 
(c) 1/2 


(b) 5/2 
(d) 3/2 


Ans. (a) 

Solution For any x e R. x [jc] + {jc} so 


M - {*) = 2 [x] - x. Thus 

J_°,l 2[x] - [x) I dx + J) 2[jr] - x\ dx -f J'l 2[x]-x\dx 


= /°J2 + x|rfa + ] o , U|^ + J i 3 |2-j ( |<i* 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 



Example - 13.2 - 

a a 

If/j = J [jcjdhc an d/j* J {*!<&, where [x] and {*} 
o o 

denote, respectively, the integral and fractional parts 
of x and a is a positive integer, then 

(a) / 2 »(o-l)/, (b) /,»(a-l)/ 2 

(c) /] = o/ 2 (dy l 2 =al v 

Solution : 

p 

(b) . We have, = j dr 

o 

12 3 a 

= JO(fe + Jlt& + J 2 dtr -i »- J (« - 1 ) dx 

0 I 2 <1-1 

* „ u (a * I) 

* 1 + 2 + -•+(«- 1 )" — — -j(0 

m a a q 

/ 2 = J {*} dx = Jfr - [ jr J) dx = J jr dx - J(.r] dx 

0 0 0 0 

_ jc 2 U a(a-\)_a 2 a(o-l)_a ^ 

~ 1 2 = 2 2 31 2 " 

From ( 1 ) and (2). we have 

f = (a-1>- .-./.-(a-!)/,. 

Ij 
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Example - 13.3 - 


The value of J ({2 jcJ - 1) ({3x} - l)dEc, where {*} 
0 

denotes the fractional part is. 

19 . 31 

(») (b) - 

. 1 ,72 

(.) 5 <d> ^ 


Solution : 


(a). J 

o 

1/3 1/2 

-J ({2x}-l)({34-D^+ J ({2*>-1)<{3 jc-1})A 

0 1/3 

m i 

+ J U2*}-0({3jtMM* + j ((2*>-lK{3*M)* 

in - a/i 

1/3 1/2 

= J (2x-l)(3*-l)<fr + J (2x - 1) (3jc - 2)dx 

0 . i/3 

2/3 I 

+ j (2x - 2) (3x - 2)<2r + j (2/r - 2) (3x - 2)<£r 

1/2 2/3 


1/3 1/2 

« J (6x 2 -Sx + l)<fc + J (6 jc 2 -7x + 2 )dx 

0 1/3 

3/2 l 

+ f (6x 2 - lOx + 4)<aEr + [ (6x 2 - 12x + 6)<fc 

1/2 2/3 

]9 . 

“ 72" 
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Example - 13.4 - 

If [f] and {*} denote the integral and fractional parts 

| \ 

of jt, respectively, then I jc— [jc] — - dx is equal to 

o'- 

(*) jW(W-l) (b) |w(W+i) 

(c) {*} ( - 1 ) (d) none of these 


Solution : 

(a). We have. 




dx 
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Type - 14 - Problems that don’t fit into any standard form. 

We need to solve rigorously and get the result, specific to the problem. 

Such as 


2M 

The value of the integral J cos (si n$)d0 is 

o 

(a) 0 (b) n 

(c) 2k (d) cannot be determined 

Solution : 

Here we will use “ i “ as a tool to solve the problem. Euler Equation e 1x = Cos x + i Sin x helps us to 
modify the problem 

2m 

(g), J e co§e cos(rin0)rf0 
o 

2m 

= Real part of J {cos (sin 0) -f i sin {sin 0)} d6 

0 

2 * 

= Real part of J e 1 "*”** 

0 

2n 

= Real part of J 

0 

2* j* 

= Real part of J e t d& 

’ 0 
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z* f p m jb 

= Real part off l+e® + + + dB 

4 2* ti 

o L 31 J 

2* r 

= Real part of J 1 + (co$& + isiiJ0) 
ft L 


+ “{cos29 + /sin 20)+... d& 


= J + cos0 +-j|Cos2e +-„.j dB 

"[ 9+8ta9+ TF + -r _2 * 


Example - 14.1 


cos Jr sin xdx = A\ sin x dx 
o Jo 


then A equals 

(a) 2 “* 
(c) 2 ~" 

Ans . (c) 


(b) 2T- 
(d) 2" 1 


1 fJ ffl 

Solution l = — (2 sirs x cos x) dx 

j* i o 


l r*' 2 

V Jo < sin ^ 


Pul lx = 0, so that 


/= — f' r (sin* e ) - de 
2 " 2 

= ^7 [(sin Of + (sin (/r - 0)) n ] 
using |J" /(*) dt, = J“ (/x} + /(2a - *)] dr 

Sin ( n - 0 ) = Sin 0 so we can use gamma function for integrating Sin 11 0 
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Practice example 


Jl j 

If dt = a, then the value of the integral 

o 1+ ' 

^ sin t / 2 


4c- 2 
(a) 2 a 
<c) a 




dt in terns of oris given by 

(b) -2 a 
(d) -of 


Solution 


4* . ,,, , 4s 

r ja±l2 - d , = l f 

w J 4?r + 2-f 2 J 


sin i/2 


4*-2 


->~yJ 


1 r sin (2n - w) 

2 1 1 + H 


4* - 2 J -f 
du 




dt 


Putting 2 Ji - — - u so that c/f = - 2 du j 

1 . i . 

(Sin* rmnt . 

™ — du m - I dt * — a 

J l + u J i + r 


An IIT-JEE problem from 70s 

c/2 c/2 

If /, * J cos (sin x) dx\l 2 m Jsin (cos*) dx and 

0 0 
c/2 

7j = J eosx dx, then 

a 

(a) (b) 

(c) /,>/j>/ 3 (d) / 3 >/ 2 >/, 
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Solution : 


(a). We have, sin x<jrforjr>0 
=> sin (cos x) < cos jc for 0 < Jr < nfl 
nil m/2 

=» J sin(cosx)dhr< j cost dx 
0 0 

*** / 3 >/ 2 


Now, cos jr < cos a if .t > a and x, a e 



jr > sin jt 

=> cos jt < cos (sin jc) 


jc/2 nil 

=> | cost dx < |cos(sinjc)dr 

0 0 

/. /j </, 42) 

from { 1 ) and ( 2 ) f, > / 3 > /j. 


Example - 14.2 - 


The nuturul number n (< 5) for which 

/„ = JV (jc - l) n dx = 16 - be 
is 

(a) 2 (b) 3 

<C) 4 (d) 5 

Ans. (b) 

Solution We have / 0 = e* dx = ^ l |\j = e - 1 
and for n > I , 

1„ = e 1 (* - m' 0 - n J! e*{x - ir* dx 

= -<- 1 r-<_, 

/, = 1 - <l )/ 0 «=l-(e-l) = 2 - e 
/ 2 = - 1 - 2/, = -1 - 2 (2 - <-) = 2* - 5 
and / 3 - ] - 3/ a * 1 - 3(2* - 5) 


So n = 3 
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Example - 14.3 - 

Ifi>iiand/= f . ^ . then / 

Ja V(x-fl)(fr-Jt) 

equals 

(a) ni2 (b) x 

(c) 3^2 (d) In 

4m. (b) 

Solution Put t = — (x - a + x - b) = x - — (a + ft), so 


that 

(Jt ~ a) (b - x) = (/ + c) {c - 1) = c 2 - z 2 



= 2[sin 1 (1) - 0] = n 
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Example - 14.4 - 


If b > a, and / - 


= J* ip *. 

J<f y b - x 


then / equals 


(a) — (b - a) 


(b) x (b - a) 

(c) xfl (d) 2 - a) 

Ans. (a) 

Solution Put b - x = r 2 , so that 
. rO lb-t 2 - a 

/= ijrr 0 y P ~ 20 di 

= 2 J <Jc 2 - 1 2 dt where c = yjb- a 

■ 2 [r^- 7+ y 5in "(;)I 


= 0 + c 2 sin 1 (1) - 0 


Example 14.5 - 


aMeival [1, 3/2] is 
(a) log (6/5) 
P 1 (c) 4 

Miu.(b) 


The mean value of the function / U) = — on the 

x~ + x 

(b) 2 log (6/5) 

(d) log 3/5 



Mean value = — - — f f(x) dx 
b-a J o 

3/2-1 Jt x 2 +x b Lx x + lJ 

*2(k)gx-log(jr+ Dl?' 2 = 2[log (3/2) - log ( 5/2 ) - < log 1 -log2)] 

f -2 log (6/5). 
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Example of Max function 


2 

The value of Jmax {(l-jt),(1 + x),2) <£c is 


(a) 8 
(c) 9 


(b) -8 
(d) -9 


Solution 

(C). For- 2 Sjc£- 1. we have J -jc£ 2 
and I - jt > 1 + x 

max f(l -jc), (I 2J = I -jr. 

For- 1 < jc < I, we have 0< I -.c<2and0< I + x < 2 
max [(1 +. t ), 2 } -2. 

For 1 5x52. we have I + x2 2 and 1 +x> I -x 
max {(1 -x),(1 +x).2| 3 1 +jc. 


2 




= 9 


Example - 14.6 - 


100 


If J f(x)dx =a, then 


0 


100 (\ 


X J/('-t+xwr 


(a) 100a 
(c) 0 


0>) a 

( d > 1 00a 
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Solution : 


100 (\ 

(b). Let / = ]£ J/(r-l+*)cfe 

r * , U 

i 1 i 

/* J/(jr)<fc+J/(l+jr)<fr+J/(2+*)<fr 

0 0 0 

" .1 

+ -.+ J/< 99 + Jt)«fr 

0, 

12 3 

=> l- J/(jr)dbr+J/(j)dtf + J/(x)atr 

o i 2 

, 100 

I 


... + 


w 


100 


/- j /(*)dr =a 


Practice example 


fib 

The value of tan 


(.) 


- 1 1 dx is 


<b) y* - 2v'3 


(d) 


(c) yJT + 2s/3 
Ans. (d> 

Solution Integrating by parts, the given integral is equal to 


x tan 


■ dLv 


i rF 7 — }b x 

r’v-s/T-i - —f= [-= — 

I| j| \x 4njx^>fx - I 

_ 16, i f 1 * 

= 3 4 J, tfTZx 

3 4 Ja r 

= ^ Jt -(J3+V3) = -^-2 J3 
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Practice Example 

For any le R and/a continuous function, let 

. xf(Jrt2-jr))dt and/, = f /I:ri2 -x)) dr then /,//-, is equal to 

(•) 2 (b) I 

(c) 4 (dl none of these 

Ans. tb) 

Solution /,= | (2-x)/((2-x)(2-t2-x)))dv 

flw r 

= J. (2 -.r)/(.t (2 -x)) dx 

/ (or (2 - r)t d r - , xf(x (2 - ,r» dr =2 

Wl* I Jun- f 

Therefore. 2/,=2/ : and so /,//.= 1. 

Practice Example 


If | e^dx = — , then j x H e~ m dx 


is 


(a) 


(c) 


t-iyv 

#+i 


a 

n! 


B+l 


a 

Solution : 


(b) 


(-!)"(« -1)1 


(d) none of these 


(c). Let J x”e~ <u dx 


x"' — 


-a 


\*x n ~''—dx 

* — /l 


Jo 0 


l ... Jr" * . 

— lim — + — / 


l H Q Vl 


n rt — ] 


it « V2 
n — 1 1 (it— 2) 
~3 


V3 


lim — = 0 
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Practice Example 


(a) 0 
Ans. (c) 

Solution 


I "1 

The value of / = J \ cos x - cos x <Sx is 

-ir/2 

(b) 2/3 (c) 4/3 <d) 1/3 


m/2 

/= J ^/cos x Isin jd dx 
-nil 

m/2 

s 2 f Vcosjclsinxld* (the integand is an even function; 


-IT/ 2 

m/2 


nil 


= 2 j Vcosjc sinjedx = -— (cosx) V2 


4 

3 


Practice Example 

a 

The value of j [*]/'( jcMx,o > 1 , where [*] denotes 

i 

the greatest integer not exceeding x is 
<•) af{[d\)~ {/-{l)+/(2)+... +/(«)> 

(b) o/(o)-{/{I)+/(2)+...+/(W)} 

<c> [*]/(«) -{/(l) +/(2) + ... +/(M» 

(d) [o]/([a])- {/(I) +/(2 ) + ... +/(<,}} 
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Solution : 

(c). j[xlf\x)dx 

\ 

2 3 4 

- j f(x)dx + 2 J f\x)dx + 3 J f(x )dx + + 

I ' 2 J 

M a 

J ((ol-D/^x^jr+Mj f\x)dx 

- (/(2)-/(D) + 2(/(3)-/(2)) + 3(/(4)-/(3))+ ... 

+ [o](/<o)-/(laJ)) 

- (o]/(fl) - {/( 1 ) +/< 2) +/(3) + ... +/<[«])] 


Practice Example 



The value of J 3 * log (sec 0 - tan 0 ) d 0 is 

(a) 1 

(b) 0 

(c) 2 

(d) none of these 

Ans. (b) 

Solution / = 

J log (sec 0- tan 0) d0 


= J 3 * log (sec (2 n- 0) - tan (In- 0)) d0 

l-CI + 

= J 3 * log (sec 0+ tan 0) d0. 


3 * 

Thus 2/ = J * [log (sec 0 - tan 0) + log (sec 0 + tan 0)1 d0 
. J 3 * log (sec 2 0- tan 2 0)dd= J 3 " log 1^0 = 0. 
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Practice Example 


7— 


ifn x 

2 it 


dx 


Let 1= J d* 

J 1 + e* ,n 1 

S* 1 

^ _ J 7 jsin (2s -al 
0 1 + e 

2k . 

— f — , — - tlx 


2k his x 

= 


dx 


Adding (0 and (if), we have 

Sn. itn x 

~¥ l * . . ' 

21 

0 

. MUX 


2r t iinf 

_ f L_<f* + [ - 4 ■ - 1 

£ f Ull dx = f 1 rf.* 

0 


21 - U f = -ire 

l-lt 


Solve a Simple Problem 


r 3.t + I 

J 2.V 2 + .T + 1 


dx — J 


3 | \ 

7(4x + l) + j 

4 4 _ 

2jc 2 + jc + 1 


dx 


iff f + 1 U + ir 7 — 

4 J U.T 2 + * + i; 8 J + A + ij 

- log (2r + x + 1) + — U tan 1 ^ 7 ^- + C 
4 2>/7 V? 
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A routine problem asked in several exams 


£ 

f 

1 . _j 

— * Pftn 

f 2 * L 


J 

0 

. sm 
I + jT 

l'**T 

r — 


7 j 

(b) 

3 2 

— JT 

42 

(a) 

— x 
72 

(c) 

17 2 
— K 

72 

(d) 

none of these 


Solution : 


(a). Let/ * 
Now, sin " 1 


41 

J 


1 + JT‘ 


' 2x X 
1 + x 2 


sm 


2x 

l + jc 2 


\dx 


2 tan 1 jr. 


I* - 2 tan -1 x. 


if x>\ 



41 




sm 



\ 

dx 

J 


j- 2 ttn~' ^ ^ ^ f 

i l+jr 2 * 1 + * 2 


i _ -i 41 , 

„ f tan x , r 1 

2 — <Jx + K 


r tan x , r i , 

r- dx + K -ax 

i 1 + JT 2 * 1 + Jt 2 

-2 f dx 

i 1+jt 2 


4 ) , _i 

- tan x 


I 

0 


* n 


2 j idt + ;r{tan ” 1 x)\ -2 J irfr* 

(Put tan’ 1 * -I) 
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1 *74 


2-1 — 1 +JT {tan _, /3 -tan 1 1} — 2 


k/3 


jr/4 


16 U 4J 


_ 7 2 

9 16 1 72 


Solve a problem 




1/2 


rfv 


{ The LCM of 2 and 3 is 6 


Hence, substitute 


fS 5 

1 - jr = u Then, dx = -6m du 


, r 1 —u , , 5. . , f I-m” 

/ = — -(-6m du) = -6J u 

J u —u' l-M 


I - m 6 3 


du 


= -6j ( 1 + M + M 2 + M 3 + M 4 + M 5 ) H'Vm 


,, I 4 1 5 I 6 1 7 1 8 1 9 I 

= -6 —u+—u +—U+—U +—u +—u +c 
4 5 6 7 8 9 


Solve a Problem 


The value of f —5 lies 

in the interval [a, />]. The smallest such interval is 

( b, [o.i] 

. + 

(d) none of these 


(a) [0.1] 
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Solution : 


(c)- Let f{x) « 

+ 16 

™ {x 2 + 16) 2 

(or 2 + 1 6) 2 

=> 16 S.r 2 =>x*Zl6 => -4<jr£4 

f (x) is monotonic increasing in 1-4, 4]. Since [0, 1 ], 
C[-4,4] 

f(x) is monotonic increasing in [0, 1] 

1 1 0 

M = ~ — ~ * — and m = ■ ■ - 0 

1 + 16 17 0+16 


I 

-0) £ | f(x)dx<M{\-G) 


,0( '- 0) £ l^ £ks rf (, - 0) 


osj 


xdx ^ 1 
x 2 + 16"17 


The smallest such interval is 


hi?] 
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Solve a Problem 


Evaluate J cos2x log(! + tanx)dx. 


Solution: 

Integrating by parts taking cos 2x as the 2nd function, the given 
integral 

sin2x r sec 2 x sin2x 


+ tanx 2 
sinx 


= {log(l + tanx)} - - ^? .~J~ 

= “Sin2x log(l + tanx)~ — dx. 

2 ' Jsmx + eosx 

r sinxdx 

Now I — 

J sin x + cosx 

1 r {sin x + cosx) -(cosx -sinx) 

= 2 J 

-sJ 


dx 


Sin x + cosx 


dx. 


' cosx ’Sinx] 


dx = - f Y _ 


- log (sin x + cos x)]. 


sinx h-cosn^ 

Hence the given integral 

= isin2x log(l + tanx) -y[x“log(smx + cosx)]. 

Recall how to integrate Linear X root Quadratic in denominator 


Find the value of the 


r 


dx 


u 4- 1) V(i + 2x-* 2 ) 


Putting (x + 1) = — . so that dx - — i~ dt, x - - — - and 

/ r t 


(1 +2x~x 2 )= l + 2 
we get the value of the given 


-tY 


t 


1 

42 


(f-1) 


a 


transformed as' 
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Remember - 


J 


dx 


For the form 


(Ax + B? + bx + c) 


where r is a positive integer 


Ax* B = - 

we can substitute 1 

f d* 

J (Ax + B} V(ax + b) 
f dx 

But for + O) \ (ax + t) we ^ ave tQ substitute ax + b = t 2 

So the Linear expression that in inside the root will be substituted 

Another advanced example 


Example Evaluate f — , — — = 

J xv(l + ■*" 


) 


Make the substitution (I + x”) = r 2 or a" = (r — 1), so that 


n x /l 1 dx = 2 i dt , we get 


r 2r df 2 : 

J n ^ 


dr 


(r-D 


= — In 


r - 1 


1 


= — In 

n 


V(i+*") -i 


Vd + W + 1 


r + l 

+ c 
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Similarly 


(a) 

<e) 

Ans . (b) 

Solution 


The value of integral J — V— ~ is gi ven by 
+ 1 


i'° B 


flog 


VT — jt 3 — i 

i 




+ c 


v/l - v 


+ r (b) — log — 


V I - -V - 


V'l - .v *" + ! 


+ r 


I 


(d) y log | I - .V + C 


Put J - .t 3 = r . Then — 3^dr = 2/ and the inieeral becomes 



Solve a Problem 


J ^/secjc-l is equal to 

(a) 2 log 

V 

(b) log fcosf + J. 


Jf I 2 x 1 

cos — + J cos — - — 

2 V 2 2 


•\ 


J 


2 x 1 ^ 

cos — — 


2 2 


(c) - 2 log 

(d) none of these 


f X 

I 2 x 

n 

cos — h - 

J cos z — 

— — ■ — 

2 1 

If 2 

2 j 


+ C 

+ c 

+ c 
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(C). J^/secx-i dx ~ J P co?,A ~ dx 
J * V cosjt 


. x 



Solve a tricky problem 


Solve 


h 


V tanx 


■ dx 


smxcosx 


Solution 


f Vtanx 

ion: { 

J smxcosx 


dx 


smx 


| cosxsin 2 x cos 2 x 


dx 


f V 

J Vsin x cos 3 x 
J Vsin 4 x 


dx 


dx 


:cot 2 x 

2 


Vcotjf 


:+C 
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Solve another problem 


1= J v 'l+ cusoc r . dx 
= f jl+^-.dx= f |5?4±l.dx 

J V sin* J V 


= f 


f(l + sin ;t}(l-sin x) 
ain x f 1 - sin x ) 

T H 2 

1-srn jt 


. dx 


-S 


J V sm x - sin' 6 x 
cos x 


i/sin Jc — si 


sin 2 x 


. dx 


, dbr 


[On rationalization] 
[v fo + 6Ho-6)-a 2 -fr 2 ] 
[v sin 2 A + cos 2 A = 1] 


sin x - z =s> c os xdx-dz 
I= 1 


-J 


J 


, dz 


JTFH) 


. c£z 


Add and subtract — to the denom. 
4 

(| «**<**) 


-i 


dz 


(- 3 - 

i-j 


sr-(-ir 

y => dz = dy 


&)•■ 

,(z-V2\ 

= sin -1 + c 

l ^ J 


.dy 


By using f , ^ . dx = sin 1 — ) + c 

J UJ 


= sin -1 


[v y = z- 1/2] 
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Solve another Integral 


-if 


dx 


1 + x 1 + jr , 

- x - dx 

1 + x 


I<l + X) a 


ill 


— ,dx= f 
+ x> J 


Let us write 


[Multiply and divided by (1 + *)] 


l + x 


. dx 


and 


1 + x = + p 

dx 

1 +• x = X U + 2r> + p 
=» 1 + X - 2lx + k + p 

Comparing the coefficients of x and the constant terms, we have 
1 = 2X =9 X = | 

1 1 

l = \+ p => 

Putting the values of A and p in (1), 

1 +x ss - <1+ 2x) + ^ , 




Now 

Put 


and 


„ ,-*<1+2*)+* j 

I = r 2 2 . dr 




jx + x 

1 r 1+2* 


3 


If L+ 2 i , If 1 


x + x 


2J J. 


x + x 


1 = l h + \ h 




2*2 
1 + 2x 




dx 


fx +■ * 

x + jc 2 = 2 ( 1 + 2x ) dx * dz 


dx 


j.. 


1 1 = f -if , dx * F x 1/2 .dx = ■* t — + Cj = 2 -Jz + 

1 « J - i + 1 


X + X + c. 


-2 4 

l i = \ ■ dx 

ijx + x 


.(2) 


.(3) 
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-J 

■J 


Add and subtract — to the denom. 
4 

, 2 

co-efT. of x 


l v -i 

FlfriT 


Put 


j + — -z => dx = dz 


-I 


= log 


= log 


rm 


. dz 


-dr 


t + 


-d) 


+ c 2 = log 


By using | . -—-.<& = log x + <fx 2 ~a 2 

J tJx 2 - cr 

H) + JH 


+ e 


- -- + 




* 2 +x 


+ Ci> 


...(4) 


From equation (2), 
1 = 2 Tl + 2 


[Using (3) and (4)] 
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Solve another problem 


Now 


and 


Put 


T f ax + bx j r ax , f bx 
T = I ' T '~ I d* = -4 -4 — a ,dx 

I ~4 ~ * ■ dx+ *f 4* 2 -d* 

J x 4 + c* J x 4 +c* 

W -s^t ■** 


. dx 


.if _* 

4 J x 4 ^ 

= ilogj X* + c 2 | + C l 

- J 7*"T ■ 

j X +c 
If 2x 

“ 2 J (**>2 + 




— 

2J 2* + 


dx 

2x dx = j? 

d* 


„.( 2 ) 


Ma(l) 


[Multiply and divided by 4 j 

r n *) 


fix > 


,dx = logl/UJI + c 


[Multiply and divided by 2] 


By using f — ^ — ^ + dx = — tan 1 — 
J jr + a* a a 


+ c 
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Solve Integration root linear plus root linear in denominator 


J 


dx 


fix + 3 i* fi + 2 


, then / equals 


la) 2(u - v) + log 


u -1 

w + 1 


+ log 


v-1 1 

V + l 


+c 


U = yjlx , v - 


U + 2 


(b) log 


+ 2 + y[lx + 31 
I Jx + 2 - fix + 3 


(c) log (y * + 2 + j2x + 3) + c 

(d) is Iran seed enud function in u and v, u - 
v = fiTl 

Ans, (a). Idl 
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r Jl , i + 3 - v 1 4 

' - 


jj.'. 




where / 


1 ” J Jl + l J ' ' 1 


Pul 


2 .v + 3 = r. in A- 140 lhat 

r i li-i' 

=2 

+ 2 - /■ s° ^ 


I 


1 + -r-- ^ 

J 


r - 1 l 


in P* * 


v-1 


W^ =J> + loe ^ 
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Solve another Problem 


Evaluate 


J 


sin 2. xdx 
(a + b cosx)' ' 


Solution: 


We have | = J 


sin2xdx 


(a + b cosx) 
Now put a + b cos x = t 
so that - b sin x dx - dt. 

ai (*-a) 

Also cos x = 


2 r(t-ayb dt= 2 


r= 2 J 


-M? 


••• '~sF; 


-U 


log(a+ b cosx) + 


a + b cosx 




sin x cosxdx 
(a + b cosx) 2 
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A special Integral 


1 


(1 - -Jl + x + x 2 ) 2 


dx 


JC 2 7(1 + JT + * 2 ) 

Here we set + x + x 2 - xt + 1, so that 


2t - 1 t 2t 2 -2t + 2 . 

— , dx = — at and 


(1 - Vi +* A- + X 2 ) = 


l -f 

-2 r + t 


(1 - f 2 ) 2 


a -n 

Substitution of these values in the given integral transforms the 
problem in the form 

J2 


I 


(- 2t L + tf (1 - 1 2 f (1 - r 2 ) (2 r - 2t + 2) 


= + 2 f— 

J 1-f 


(1 - rf (2t - 1) 2 (t 2 - 1 + 1) (1 - r f 

1 + 1 


dt 


dt - - 2/ + In 


1-r 


+ C 
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An advanced example 




(* +1 ) & 

i(l + xe z f 


e* 

(x+1 

) 

xe x ( 

1 + xe x ) 2 


put 1 + xc x — t, (ate 1 + e*) dx - dt 

z=f— 

J (f~l)f 2 l 1 "* 1 t 2 ) 

=-iog|i-H+ioglM-7 +c = 1 °g 


1-# 


-i + c 


t 


= log 


l + xe* 

1 

Jr 

-xe 

, l+xe 1 


- x ^ 
1 + xe 


v xe* } 1 + xe 


C 
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Practice Example 


Lot f{x) be a function defined by/<jc) = 


f 


x{x 2 


f(x) is 


- 3* + 2)dx, 1 < x < 3, then the range of 



(c) 10,21 


(b> 

(d) 



none of these 


Solution : 

(a). We have, 

/'(*) «x(x 2 -3x + 2)-x(x- 1) (x - 2) 

Clearly, /'(x) £ 0 in I £ x £ 2 and /'( x) £ 0 in 2 S x £ 3. 
/. f'{x) is monotonic decreasing in [1, 2] and 
monotonic increasing in [2, 3]. 

2 

Min. f{x) =/(2) = J x(x 2 - 3x + 2)*fc 
\ 



Max* f(x) =lht among (/(lX/(3)) 

i 

!4ow, /(l) = J x(x* - 3x + 2)dx * 0 

1 


3 

/(3) = J x(x 2 - 3x + 2)dx 



- 2 . 


Hence, Range = 



Max./(x) = 2 
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Practice Example 


5x 

j cot" 1 (tan x}d< 


-2* 

(a) 7 a* 

(c) 0 
Solution : 


(b) 


In 2 




5jt 

(b). Let /= J cot" 1 (torn x)<4r 


-2x 

* 


= 7 J cot" 1 (cot(*/2 -*))<& .„(!) 


(v Period is n) 

x/2 

it 


-i, * f*. 0<x<xl 

Since cot (cot x)=< 

+ x/2<x< 
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Practice Example 


/ (x) is a continuous function for all real values of x 

Jr I 16 6 

and satisfies j /(f) dt - Jf 2 /(0 dt + + — + *. 

0 x 

The value of * is 


• s 


167 

(b) 840 


(d) none of these 


Solution : 


(b). We have. 


j/(t)dt - ft 2 /(t)dt + Z— + Z- + k _( 1 ) 

o x »3 


Forjr- 1. f/(t)dt = 0 + i + j + *= iL + * „.(2) 

* ^ 
Differentiating both sides of ( 1 ), w.r.L x, we get 
f(x) - - xfyx) + 2x 15 + Zr 5 

2(x ,5 +x 5 ) 


Ax)' 

i 


\ + x z 


n o I + « 




24 


Ji • 1 i M ii . 

1.14 12 10 8 * J 24 


=> *= - 


167 

840 
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Practice Example 


* ' - /; 


sint 


tr sin x . “ mi jr 

* e + e 


dx 


then / equals 
(a) 2k 
(c) Jd2 

Am. (b) 


(b) K 

(d) xi4 


Solution Using [ fix) dx « f fa + b - 
we get 

si«(' i) 


- J. 

-j: 


_ - jt ) , - •mnH - 

K c T c 


dx 


— Mil t 


- -sjujt , sun Jt 


dx 


Adding (1) und (2), we gut 


2/ = J. 

/ = * 


bin x . - % hi v 

x e 


jt *«■>* + (? - stnjf 


d*= 2/r 


(I) 


j:) tic. 


( 2 ) 
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Practice Example 


If/ = 



dx. a > 0, then / equals 



(O 1) 

(d) 

Solution We can write 


(b) |(jt- 1) 

«) »(f-i) 
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Practice Example 

!f/w - A*) -/(/w), . . ./d; ’ -/<r* c*», *- 1 

1 

2, 3, . and 0(x) =/ xm (x),then J $(x) dx ** 

Ve 

(a) 1 (b) “I 

(c) 0 (d) none of these 

Solution : 

(b) . We have,/(jr) = — — - 

x + 1 



/-<*>-/(/(*))- / 




X — \ ) X + 1 
X + 1 j X-l 
X+ 1 

l * J zl 


0(t> «/'' ^x) =/ 2 (/ ,9% (x» = / 2 (x) 



v / l996 ( jr) - -/*)(*) 

499 times 



=> 0<x)= 

X 

j *(x) dx = J j* = (log, Jt) 
(log^I -log^l/tf)«-(0 + 1 1* - l 
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Practice Example 

If I = 


J' e' 11 ' 2 *™ 5 * |2Mn^icosxj + 3cos^cos^jjsi 


sinjr dx 


then / equals 

(a) cos (1/2) (b) 7sfe [cos (1/2) - sin (1/2)] 


(c) 0 (d) none of these 

A/tJ. (d) 


Solution 


Put — cos * = u so that - sin x dx = 2 dt and 
2 


l- f ]/I e w (2 sin t + 3 cos f) (- 2) dt 
Jui 

As sin t is an odd function, and cos / is an even 
function, 

fV2 t . , t tV2 , . 

/ = 6j^ ^ cos i dt = cosiJq + 6j o e sin I df 


'= 6^7? cos^j - J j + 6e J sin e 1 cost dt 

* 7/= 6 ' / "( cos (i] +,in (i]- 1 ) 
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Practice Example 


r K . 


If-#** n f m \ 

2n 

(a) 

2*! 

(*) 

2 U (*!) 2 

(c) 

2ki 

(d) 

2* <*!) 2 


2 it! 

2 * <*!) 


Solution : 


(a), lim — X sin’* — 

ft j> e | In 



| Putting = / =* dx = — Jt J 

2 (2*-l)(2*-3)- •• I n 
k 2 *< 2 *- 2)-2 2 

[<2Ar - 1)(2A - 3}(2* - S)- ~ I] |2Ar (2t - 2) ••• - 2] 

2* [* (* - l)(* - 2) — IH2* (2* - 2) — 2J 
2*(2*-l)(2*-2)(2*-3) - 2 1 
2* I* (* - 1)(* -2)--. I ] 2* [* (*-!)(* -2)-lJ 
(2*)? 

2“- (*!)*' 
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Practice Example 


If / 1 = J () /(sin 2r) sin x dx 

rXtA 

and /, = j /(cos lx) cos x dx. 


then “ equals 

•2 

(a) 1 

(c) V2 


(b) t/s/2 

(d) 2 


Anx. ( c ) 

Solution Using fix) dx-\ fia - x)dx, we get 

J(| * 0 

/i - J* /[sin ( jt — lx)] sin {ntl ~ x) dx 

- /sin 2*) cos x dx 
Adding (1) ami (2> wc get 

rJtfl 

2/ t = J /sin 2 jt) (sin x + cos *) dx 

t — txfi \ 

= v2j (| /sin 2v) cos ^-*”“1 dx 


( 2 ) 


Put x - id4 = ft so that 

r*M 
-it! A 


2/] = yjlr /[sin M + 20)] cos 0 d$ 

J-m 

- yj2 f Jtft /(cos 20) cos 0 d$ 

i-ri* 

= 2^/2/, as in integrand is an even function 

V/ 2 = s/2. 
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Practice Example 

If / = j 2 Lr sin nx\ dx, then / equals 

(a) 1 in (b) 2 in 

<c) 4 in (d) Sin 

Ans. (d) 

Solution We can write 

f ] fi 

/ = J ( U sin nx\ dx + J ] k sin /art dx 

As U sin nx\ is an even function, sin ® 2 0, for 0 
< nx < /rand sin nx< 0 for n< nx < 2 n, we get 

/ = 2 x sin me dx - x sin nx dx 

n t • j -xcosnx 1 r . 

But x sin nx dx = +■ — cos it x dx 

} it n J 

X 1 

= cos nx + — sin nx 

n ir 

Thus. 

/ - 2 ( - — cos/r + 0 I— [ — — cos2/r + —cos* 

\ n } V x n 

1 

K 
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Practice Example 


Jt 

If/(jr) = Jo + f 3 ) _1 ' *■ dt and g is the inverse of / then 
0 

* 

Jr 

the value of ~ is 

8 

(a) i (b) | 

2 2 

(c) 1 (d) cannot be determined 

Solution : 


(b). We have, 

X 

/« = J(1 +t*r U2 dt 
o 

*(*) 

=. /mi- J < 1 +, V' 2 ‘* 

0 

g<*) 

=► | <i+i ) r l,I *fr 

0 

\g is inverse of/ =>/ |g(jr)} =x] 
Differentiating w.r.Lx, we have 

l-O+g 3 )- 1 - 2 '*' 


i-e., ' (g0 2 “l+g 3 

Differentiating again wxt x, we have 

w=3*y 

g 2 2 
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Practice Example 


Lct^/Tx) = - — - if x * 0 and /tO) = Oanda.fr 

x 


€ R be such that a <b. Then value of 


/ = f f[x) dx is 


(a) \b\ - Id 

(c) Max (Id, Id) 
Ans. (a) 

Solution Note that 

f-l if 


fix) = 


if 

if 


X <0 
jc = 0 
jr >0 


If 0 < a < b. then 


(b) ~ (b 2 - a 2 ) 
(d) Min (Id, Id} 


/ = f dx = b - a = \b\ - \a\ 
If a < 0 < b t then 


/ = f (— l) dx + f ldx-a + b = b-{-a) 

Ja JO 

= IM - id 


If a < b < 0, then 
/= f* (- \)dx = - b + a = Ihl - id, 

+a 
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Practice Example 


Kil 


1f/ n = J cos'* X cos nx dx, then /, , l 2 , 7 3 arc 


in 


(a) A. P. 
(c) H.P 


(b) G, P 

(d) none of these 


Solution : 


nil 


I n = J cos" x cosnx dx 


[ 


sm m 


r n nit 

r x * % SIO m , 

- J ft cm ax 


= COS X ■ ■ 


mil 


n 1 


= 0 + J cos" ' x sin x sin /tx dx 


nil 


nil 


= J cos"" 1 x cos (n - 1)jc - J cos'* x cos nx dx 
o o 

[Using the identity 

cos(n - l)x = cos n x cos x + sin nx sin x 
i.e., sin nx sin x = cos (» - I)x-co® rtxcosjr] 


nil 


= J cos” 1 x cos(n - l)x - J cos" x cos nx ck 


nil 

J 

0 




Le, yS- = i=»/,,/j,/ 3 areinG.P 

*n - 1 * 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 

Practice Example 



equal to 


(a) it (b) ^ 

4 

K 

(c) — (d) none of these 

Solution : 


(c). We have. 



n/2 2jt/2 3jt/2 

= J sin 0 dx 4 - | sin lc6r + J sin2t£r + ... 

0 it (2 2s i 2 

2kxf2 

+ J sin(2£-l)t£t 

I2k-\lltl2 

= ^ [sin I + sin 2 + sin 3 + + sin (2 k - 1)] 
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Practice Example 


Far x > 0, let f(x) 


/w + /(i) 

(a) I 


is 


(c> 


2 


I 


dt . Then, the value of 

l+l 


(b) 2 

(d) none of these. 


Solution : 


(c). We have. 



40 



From (1) and (2), 

=> /<•>♦/(“] 



...( 2 ) 
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Practice Example 


i . . 

If/ = f(l - x a )* dx, then — 3 — * 1 + — , where* 1 

" t i aj.i * 


(a) («+ l)a 
(c) (n — l)a 


(b) » a 

(d) none of these 


Solution : 


(a). We have, 


/„,« Jo -*“)•*'<* 

0 

1 

= [x(l-x fl r l ]^ + (n + l) a J x a (\-x°)”dx 

o 

j 

-(,» + l)aj (x° — l + 1} (1 — x* ) w dx 
0 

1 L 

« (n + l)a J (1 — x“ )" dx - (n + 1)<J J (1 — Jf** )"** dx 


={n+l)o/ fl -(a+l)a/^] 




(n + l)o 
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Practice Example 


equals 


(a) 

(b) 




log log X + 


(log *) 2 


dx, then / 


a log log a - p log log p 

— " + log log a - log log p 
a p 


a ^ 

(c) + a log log a - P log log p 

ap 

(d) none of these 
Ans. (d) 

Solution Put log jc = /, or * = t\ so that 

/= J«[ log ' + 7] 

where a = log a, b = log p 


L use J ^ aw +rw) = 


Practice Example 

JT 

Let0(.r)- J gi()df, where the function g is such that 
o 

-^<g<f)<0, V f e [0,1] 

j 5g(r)£ I, V /€ [1,3] 

V re [3,4] 

Then, 0 (4) satisfies the inequality 

(») -£0(4)5 3 (b) 0< 0(4)52 

(c) 0(4) <3 (d) none of these 
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Solution : 

(c). We have, 

4 1*3 * 

4(4) = J g (t)dt = J g(i)dt + J g(t)dt + j g(t)dt 

0 0(3 

But 

• ! 

— isj g(t)dtz o.l 
2 0 

. 3 

-•2sJ g(l)dt<10.2 
2 1 

4 

J g(t)dt*l.l 

3 

Adding the above inequalities, we get 0 (4) £ 3 


Practice Example 


equals 


If V = r ^ . then / 

Ju (I + jc)( 2 + jr)(3 jc) 

(a) |(2V2-V3-l} (b) |(2V2 + j3-l) 

(c) |(2^-V3 + l) <d) none of these 
Ans. (a) 

Solution Put Vx = r or x = r, so that 


/ = 2 | ^ a — r dt 

J« (i+r)(2+r)(3+r) 

-K > + _i T ._i T U 

Jo ^ I + / 2 2 + f 2 3 + f 2 J 


f -i 4 -if f 1 3 _,f r Hi" 

^ 42 {42) 43 

-fMfMf) 
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Practice Example 


4 

J where {•} and [*] denote the fractional 

part and greatest integer function, respectively, is 
equal to 


(a) 1 


(c) 


13 

12 


(b) 

<d> 


11 

13 

6 

7 


Solution : 


(c). We have, 

J 

4 

- j (X-[x]j*'dx 
. I 

2 3 

- (x~[x]pdc 

I 2 

4 

+ /(x-M^de 

3 

f r 4 

“ j (x-l) 1 dx+ J (x - 2) 2 A + J (x-3) 3 dc 

2 J 
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Practice Example 


The value f cot 1 ( I + at 5 - *) dx is 

Jl! 


(a) Ki 2 ~ log 2 
(c) jt/4 - log 2 
Arts, (a), (d) 


(b) K - log 2 


(d) 2 f tan" 1 x dx 
h 

Solution cor 1 (l + x 2 - x) - tan " 1 f — “ 1 

= lan’ 1 x + tan’*(l - x) 
/ = | c Cot _, (l + x 2 -x)^x-| taiT 1 xdx + | tan“ l (l-x)dfr 

= f tan“ l xdx+f lan _1 xdi=2f tafT’xdL* 
Jo Jo Jo 

= 2* tan -1 jcT -f-^dx 

Jo Jn 1+j 2 

= 2tan _l (l) — log(l +x 2 )]* 


= 2(^/4) — log 2 = t/ 2 - log 2 
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Practice Example 

If l* ] denotes the greatest integer function, then 

| l* + |x + W)JA - 

0 

(a) I <b) 2 

(c) 3 (d) 0 

Solution : 


2 

/-] [X + [! + [*]])* 

0 

2 

" J [* + 2 [*]]<fr(v [*+ Integer] - [jc] + 
o 

Integer =* [x+ [*]] =- [x] + [x ] ) 


2 2 

- J [*] + ■= J 3 [x]«fc 

o o 



= 3 ((x) t 3 ]- 3 ( 2 -I)- 3 . 
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Practice Example 


(a) 


l 


The value 


5m n sin 2x 


jrsinjccosjt 


ofjrv; 

Jn sin 


dx is 


sin x + cos jr 


* cos 4 * + sin 4 x 


dx 


(c) 3*74 
Solution 


<b) JTt 16 
<d) x 2 /2 


Ans. {a), (b) 

Solution 

/_ *sinxcosx t*‘ 2 (7r/2-jr)sinxcos* 
Jo sin 4 x+eos 4 x Jo sin 4 x+cos 4 x 

wf2 » Mil 

x r sin x cos x . r x sin x cos .r 

= I — 7 -r—dx- I — 2 3 — ax 

2 J sin x + cos x J sin Jr + cos x 

x sin xcos x 

=> 21 = — — 3 r~ tix 

2 Jo sin 4 x + cos 4 x 

x f* /2 1 sin 2x x t* 11 sin 2 jc 

4 Jo 2 j _ s j n ? 2x 4 Jo 1 + cos 2 2x 
2 

e dt -x r 

I 7 = [lan 1 

Jl+f 2 8 


-x C dt 

T 


(-1) - tan 1 1 ] = — 
16 


The integrand in a is a periodic function with period X 
since 

sin 2{x + x) 


f(x + x) = 


cos 4 (x + *> + sin 4 (x + x) 
sin 2,r 


f 

Jit 


sin 2x 

cos 


cos 4 x + sin 4 x 
r*'< sin 2x 


= /(x) 


sin lx , r*>* sin lx 

— 7 — dx = l j T—dx 

x + sin x Jo cos x + sin j 

tan j: sec* x 


n tan j 

" T+ 


tan 4 x 


.fJt- 

Jo 1 + f 


dx 


l .2 


dt - tan I 


x 

4 
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Practice Example 


^(n 2 +ft 2 )/2 

f 

* 

/ J 

(x 2 -<i 2 )(b 2 -x 2 ) 

* 

fc; 1 m 

54 

W'- 

« 7 ' 

, . ft 
(0 - 

• 


Solution : 


(d). Let/- f * etc 

^(3a J *6 l V4 x( x ~ a ) 

Put X 2 - t^cos 2 / + ft 2 sin 2 / 

=» 2 X dx * (2a 2 cos / (- sin /) + 2 ft 2 sin / (cos /)} dt 

=> xdx = ~(b 2 -a 2 )sinlt.dt 

For x 2 = ° = a 2 cos 2 / + ft 2 sin 2 / 

2 

=> r^ + ft 2 =2(1 - sin 2 /) a 2 + TA^sin 2 / 


or, (a 2 + ft 2 ) = 2a 2 + 2(ft 2 - a 2 ) sin 2 / 

. => sin 2 / =■ - =>cos2/=0 => /= w4 
2 

For x 2 - ^ = (^cos 2 / + ft 2 sin 2 / 

4 

=> 3a 2 + ft 2 = 4 a 2 + 4(ft 2 - a 2 ) sin 2 / 

=> sin 2 /* — =*cos2/» — =»/= — 

4 2 4 

*/• 2 7(^ 2-a2 )®‘ n2/ (* 2-0 ) C0#J ^ 

jr/4 

-J-+B8-H-3 
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Practice Example 



w fX*2 . i*/2 

- — J sec 2 [xf2)dx = n tan (jt/2)]^ = n 

( , r* x 2 cos x , _7 . 

Hence - T dx ~ - Jt + 2 ji 

Jo 0 + sin x)~ 
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Practice Example ( CBSE 2010 ) 


Evaluate: j. 


ft/? tin i+cpsr 
IT/* 


d x 


[CBSE 2010,* marks} 


Sorn,: 

Let sin jc*cos t. 

Differentiating, cos x-(-sin x) cto-dt 

Or, (cosx+sin *}da- dt 

Also, 

Squaring, (i), 

$in z x + cos 2 x-2 siturcosjc = i 2 
Or, 1-2 sin xcos k= I" 

Or. 1-sin 2*-f 2 
Or, sin 2x=l-l 2 

Therefore, l- I — dx 

j — 


i sin 2X 

%3^1 
2 


-LU 


dt 


}—*i vi-t 1 

2 

*3 ii ■>! 


j. . , , £ i ifS 1 »VT . . „ i ^"3*1 l 

{Smcc, when pj/ 6 , ■ y -= J ntf wh*n- ir/3, l j - 7 ■ ] 


i ^ l ~- 1 

»( Jfn 1 i | 1 


1 "VI 

l 


■SM -1 ■ 

^-1 * _i 

“““ -f!Tl 1 


* afit' 1 

= 2 

— - Atis. 
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Practice example 

Integration Sin n plus half by Sin x by 2 


The value of the 


integral J (] 


" sin (n + 1/2 ) » 


la 

(a) n 
(c) 3 n 
Ans. (a) 

Solution We have 


sin < .v/ 2 j 


d il a i N • 


fb) 

(J) none of these 


x ( \ 

2 sin — — + cos ,i + cos 2x + ... 

2 l 2 


+ cos n 


- sin — + 2 sin — cos x + 2 sin — cos 2.v + ■ ■ + 2 sin — cos nx 


. x 3 Jt . x , 5* . 3x 

= sin — + sm sm — + sin sm + 

2 2 2 2 2 


sin ( n + ^ ' j x ~ t ' n f n ~ j * * *in ( n + ~ J. j 


1 Hin f« + l] x 

-- + COS X + cos 2x + • • • + cm nx * — 

2 2 sin (x/2) 


*iij[ « + *— ]* , 

i f/ — ■■ —2-1 d* - l{ f* - d j + f*eos x dx + + Tcos nx d.t I 

J o sin (jk/2) \ },i 2 J « 1,1 ) 


! (f 


+ sin x 


" sj nnx 

+ (M + — 

0 n 


= 71 


Practice example 


Example 


clx 


n n 

or 


(1 + «“) - 2a cosjc 1 -a" a~ - 1 


according as a < 1 or a > 1 
The given problem may be re-written in the form 


1 


dx 


o (1 + a 2 ) (cos 2 1 + sin 2 j ) - la (cos 2 1 - sin 2 A 


which can be expressed in the forms 
2 r dt 


. z r ar jl r 

/ = ^ ^ or 

(l+a*)- J fi_£j' + ^j (1 + a')* j | , £ 


dr 




+ r 


according as a < 1 or > 1, where / = tan 
Hence 


2 
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Hence 

, 2 |\ -i r(l + xi)l n . c . 

/ = — tan 1 - = if a < 1 

(I-rT) [ (1-fl) Jo !-«' 

Similarly in the other case the answer shall be — t - — * u > 1 

a~ - 1 

Practice example 

cos 1 * 

J sin"' J cos ’ 1 is equal to 

o o 



(c) 0 (d) none of these 

Solution : 

(a). We have, 

sin 3 x . • co * 3 r 

o o 
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cm" t jr 

= x (sin 2 x + cos 2 x)+ f -- > ■ ■ > tit 

l tfl-f 

SHI I T 

Putting / = sin 2 0and tit = 2 sin ©cos 0 dft, wc get, 
\[i , ( sin© 


= r — 2 sin0 




■1 -cos 20 


= J sin = J — ^ "" J0 


0 sin 20 
2 4~~ 


Also, when / - sin 2 Jt, 0 = x and when t * cos 2 jr, 
6= Xt2~x 

.*. /=* + 


■0 

sin 20 f' 2 "' 


i 

2 ~ 





x sin 2x \ 

f x 

sin 2x ^ 

u 

2 4 j 

7 
k * 

^ J 

n 

4 ’ 

fctK 

II 

H 




Practice example 


j-f* 14 sin20d0 _ f^ 4 2sin0cos0 
J° sin 4 0+ cos 4 0 -1° sin 4 0 + cos 4 0 

fn/4 2tan0 sec 2 0d0 
JO ) + tan 4 0 

dividing the numerator and denominator by cos 4 0 
Put tan 2 0 = t, 

so that 2 tan 0 sec 2 0 d0 = dt. 

When 0 = 0, 

t = tan 2 0 = 0 
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and when 9 = — , 
I 


t = tan 2 t ju = ). 

4 

• 1 = f 1 ^ = [tan -1 1] 1 

Joi + t 2 *■ Jo 

= tan - ' 1 -tan -1 0 = ^-0 = ^- 
4 4 


Practice example 


Mfix) satisfies the relation J /(0 ^ + (3) 

-2 

XX X 

= JV<fc + /'(l) jx 2 dx + /'(2) J x dx , then 

1 2 3 

(a) /(x)=x 3 + 5x 2 + 2a-6 

(b) /(x)=x 3 -5x 2 + 2x+6 

(c) /(x)-x , + Sx 2 + 2x-6 

(d) /(x) ~Jt J -5x 2 + 2x-6 

Solution : 

(d). Differentiating the given equation w.r.L x. we get 


+x 2 /'(I)+x/*'(2) 40 

Differentiating successively w.r.t. x\ we get 

/ / (x)=3x 2 +2r/ , (1)+/"(2) 42) 

fix) ~tx+ 2/'( I ) 43) 

/"(*)- 6, 44) 


Putting .t = 1, 2 and 3 in equations (2), (3) and (4) 
respectively, we get 

/K0 “ 3 + 2/'( 1 ) +/*(2), /-(2)-l2 + 2/'(l) 
and, /~(3) =6 
Solving, we have 

r<0 - = 2,/'"( 3 ) = 6 

Putting the values in equation (1), we have 
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Practice example 


of / j + f, is 


t f d i 

If 1 1 = J y dr and I-> = J ; [ j + i 1 ) dien the value 

l/r l+r " " !/<• ' 


(a) 1/2 
(c) e /2 
Arts, (b) 

Solution Putting / = I/m in l 2 we have 


(b) ! 

(d) {i/2) I fe) 


r u dfj _ f u r u dw 
J 1-tV " J I +« 2 + J I +ir 

e I h I tr 

2 J 1 +n 2 ' 


So 


= - l i + 


/l + / 2 = J log(« 2+ 1)1^ = ^ 

= — x 2 = l. 

2 


log(f 2 + l)- log I - — t- 1 - 
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Practice example 


lim — 
x~*o x 


* + y 


‘ ^ r , 


dt 


* where y is a cons- 


0 0 

tarn independent of x , is equal to 


(a) f** 
(c) 


(b) 2e*^ 

(d) none of these 


Solution 


*+y , • y , 

I _ r w in * * 


J 'dt- Je'*" *dt 


(a), lim 


0 X+V 

'«* + j <P n, dt 


= lim 2 ! 

r— »0 Jt 


(+.v 

J 


- lim — 


*-*0 X 

e' 

lim - 


,riu Z (J r*y).d_ ( x+ y)_ fin 2 y.4y 


dx 


dx 


= lim 

X— #0 I 



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 

Practice example 

Evaluate ^"{a 2 + x 2 ) /2 dx. 

Solution : 

/ = £(a 2 -f x 2 f 1 dx Put x=a tan 9 

dx = a sec 3 0 dQ 


- (a ! + a 1 (an 2 0) /J ■ a sec 2 0 dQ 

= a* f^sec 7 0 dQ 

Jo 
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= a 


48 48 48 16 v . 

+ 5 . 

48 [6 b ' } 

1 

L 48 + !6 


+ — iog(V2 + l) 


- ^-[ 67 ^ + 15 log(V 2 + l)] 

48 


Practice example 


5 xan~\x-[x}) 


J 


0 l+{x-lx]) 
integer function, is equal to 


dx , where [ * ] denotes the greatest 


(a) — 
32 


(b) 


3x J 


(c> 


5*‘ 


32 

Solution : 


32 

(d) none of these 


( C ). f “LlfiL" W> 

l l+U” 


dx 


u-wr 


5 -| 


>lan _ 


flan {x 

l »+<*- 


-j 


dx 

*- .-I- -I 


l+.t J 


W) 

i i+ 


tan jt , rtan (jc-I) 


<x-i r 


dx + ... 
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r UD-'(.t-4( A 
| l + U-4) 2 




rtan jt . rtan / . rtan I . 

T dx+ T di +«+ T dt 

{ i '*' 1 

(Putting x- I */) (Puttingx-4 = i) 

1 tan -1 

5 f - 3 — — ~dx = 5 [urA/ [Putting tan ' x = u\ 

il + -r i 


= 5 


-\Xf2 


Jo 


32 


Practice example 


2 -tin 3 * 

Let /|= Jjr/(jt(3-jr)) dx 

sec 2 * 

2-un 2 z 

and, / 2 ” J/(x(3-x))A, 

set 2 1 

where / is a continuous function and z is any real 
number, then /,// 2 - 


w ! 

(b) 

(C) 1 

(d) 


2 

none of these 
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Solution 


2 - i«rr - 

{a}. We have, = J x f{x (3 -x )) dx 


sm ! : 


2 - tan' z 

= f(3-jr)/«3-jr){3-<3-.T)|)<it 


mc 2 : 


V J f(x) dx = j/(a + b - x ) dx 
p a a 

- J<3- *)/U{3- x)) 




see" : 

2 - uur 


2 - tan* r 


3 J /(* (3 -*))<&- J*/(* <3 -*))<& 


KC' £ 




2 /, = 3 f 2 and so / t // 2 


Practice example 

Evaluate tan 5 0 dQ 

/= f*W Qd& 

Jo 
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Practice example 

rY 

If tp (h) - | 4 tan" x dx , show that cp (w) + <p {n - 2) 

= — ~ and deduce the value of <p (5), 
n - \ 
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Solution : 


<P(«) = fftofxdK 

\Y* 


( 


tan 


~ f^tan' 2 xdx 
Jo 




<P„ + 


i 

n - 1 




I 

n - 1 


Proved 


Now (p(5) = 



Practice Example 

Prove that 


cos xsmmx 


, I L 2 1 2 1 2" 1 

dx ~ r ^ 2 + I- — + + f 

2 ffl + l 2 3 ml 


Solution : 

We know that 


J 1 ca$ m x sin mx dx 

o 


cos xcosmx 




m + m 


-0 


m 


m + m 


fw 1 x sin (m - l) x dx 


_L 1 

2m + 2 


Put m - 1 for m, 
/ 


r - I. * - I 


1 *1/ 


2(m-l) 2 


fli - S L nn - 2 
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, 11 1 1 , 

1 = +- — ; - + - - , 

2m 2 [2 (m - I) 2 1 

1 1 1 / 

“ 2m + 2 J {m- l) + 2 1 -*■-* 

1 11 1 

= 2m + 2 2 {m-\) + 2 i {m-2) + 2 i 

| Proceeding similarly 

J_ 1 1 

2m 2 l (m-\) 2 1 (m-2) 

I 1 

+ 2 m l)} + 2" 



» * / ™ ^ r ^ f r Miff ™ 

2m 2 2 {m-\) 2 3 {m-2) 2*1 

Writing the series in the reverse order 

1 t 1 1 

— + ; h h + — — 

2" ■ 1 2 "“ -2 2"" 2 -3 2m 

~ 2 " 2* + 1 2* + 1 2" * 1 " 

” r Tr Lr^T + 2'’’- 1 -2 + 2"- i -3 + + ^T 
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Practice Example 


j 

Prove that 2 cos" ~ 2 x sin nxcbc- ; tt being an 

integer greater than unity. 

Solution : 

I = I 2 cqs*- 2 xsmnxdx 
h 

= cos" 2 x sin - l)x-^ x} dx 

- J^cos"' 2 jr{sin (n- l)xcos x 

+ cos (n — l)xsin x\dx 

= j’J 2 cos*‘ l xsin(n-l)*dt 

I II 

+ £ cos"" 2 xcos(«-l)xsinx<£c 
Integrating the first integral only by parts 


= ^cos" H x- 


cos 


(n-l)x 


\% 


n - I 


J 0 t*- 1 )®* jc(-smx)- 1 ^ 

rY 

+ | o 2 cos"' 1 x cos (n - l) x sin x dx 


1 

»-] 



cos" 1 x cos (n - 1) x sin x dx 
+ jfcos- 2 x cos (n - 1) x sin x dx 


1 

n- \ 
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Practice Example 


ltd . „ nd . 2 

„ r sin(2w -1 )jc . J , f$m rar, 

n e N % then 

( a ) h,n+i~h,rt~ h,n 

t* 3 ) h t n+\ * ^2, A I 

(c) ^2,11 + 1 + A, m "^2,11 

Solution 


t* 1 )' l 2. » ~ t « - I 


ntl g j , 3, 

f (sin /ur-sui (ff-l)x) , 

J ri ^ 

o - sin jr 


Mil 




sin (2n - 1}x sin.t 


sin 2 x 


dx 


*n * 

r sin(2#i-l)x . 

" J : 


sinx 




^2*w+l ^2, it ^» + 
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Reduction forms 


Let = J sin” xdx or I n = Jsin" 1 x sinxdx. 

Integrating by parts regarding sin x as the 2nd function, we have 
I fl = sm n " J x,(- cos x) - J(n-I) sin”" 2 x.cosx.(-eosx)dx 

= -sin 11 " 1 x,cosx + (n-l)Jsin n-2 x.cos 2 xdx 
= -sin n_l x.cosx + (n- l)Jsin n-2 x-(l-sin 2 x]dx 
- -sin 11-1 x.co$x + (n- l)Jsin n-2 xdx-(n*-1)Jsin n xdx 

= -sin n-1 x.cosx+(n~ I) J sm 11 ” 2 xdx-(n- l}I fl „ 

Transposing the last term to the left, we have 
l B (1 + n - l) = - sin"” 1 xxos x + (n - 1) l„_ 2 , 

v I n -2 “ J sin 11 " 3 *d x 

or nl n = - sin" * 1 x cos x + (n - I) I„ . 2 


. sin n ' l xcosx n-1, 
or I tt = + 1 


n 


n 


n-2 ‘ 


Let J n =jcos n xdx or I n =Jcos n ‘x.cosxdx. 

Integrating by parts regarding cos x as the 2nd function, we have 

T n - cos 11 -l x.sin x - J(n- 1)cos n " 2 x.(sinx).sinxdx 
= cos n_l x.sinx + {n + I)Jcos n “ 2 x.sin 2 xdx 
= cos n_1 x.sin x + (n - l)Jcos n ~ 2 x(l-cos 2 x)dx 
= co$ n ~ l x.sin x + (n - 1) J cos 0-2 xdx - (n - 1) J cos r xdx 


“ cos" 


x sin X + (n ~ 1) I n J - (n - 1) I rt . 


Transposing the last term to the left, we have 
I n ( 1 + n - I ) = cos" " ‘x.sin x + (n - 1 > l n _ 3 
or n I = cos" - ‘x.sin x + (n - 1) 1 

n ii — X 


Jcos n dx = 


cos""^ sinx n-1 


n 


irJ' 


cos n ~ 2 xdx. 
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We have jtan" xdx = Jtan" -2 x.tarr xdx 
= J tan"' 2 xjsec 2 x - l)dx 
= J tan" -2 x.sec 2 xdx - J tan n_2 xdx 

= (ta ” x rT' -j-^xdx 

n-2 + 1 J 

or f tan 0 xdx = — n -- X - f tan n_2 xdx. 

J n - 1 J 


We have Jcot n xdx = jcot"” 2 x.cot 2 xdx 
= Jcot n-2 x(cosec 2 x~ i)dx 
= J cot”' 2 x,cosec 2 xdx- Jcot n “ 2 xdx 


(cotx) r 


— jcot n “ 2 xdx 


or cot"xdx = ““ — r— - - fcot n “ 2 xdx, 
n-1 J 


We have I„ = J sec" xdx = J sec"" 2 x.sec 2 xdx 

Integrating by parts regarding sec 2 x as the 2nd function, we 
have 

l r = sec" ” ' x tan x - J{n -2)sec n-3 x sec x tan 2 xdx 
= sec n_2 x tanx“(n-2)Jsec fl “ 2 x(sec 2 x- l)dx 
= sec n-2 x tanx -(n -2) J sec" xdx + (n + 2) j sec 71 " 2 xdx. 

Transposing the term containing J see" xdx to the left, 
we have 

(n-2 + l}Jsec n xdx = sec n-2 xtanx + (n-2)Jsec" -_ xdx 
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Jscc'jc dx = sec" - ’* tanjr— J(a— 2)sec'’ _I jrtan x tan* dx 

— tan x sec fl ’\r - (n - 2)J sec"" 2 * {sec"x- 1) dv 

- tan x sec fl_i x -{i? — 2)|sec*.v - J sec" -2 x dv) 

P + (/? - 2)]J sec" Jr dr = tan x sec' 1 ~ 2 * + (« - 2) J sec"‘ 2 x dx 


r H , tanx sec" x »-2; , 

sec x dx = + see x dv 


J cosec'x dr = J cosec" - \v cosec : x dv 
Integrating by parts, 

J cosec "x dr - coscc" -2 x (-cotx) - J (n - 2)coscc’ ,1 x (- coscc x cot x)(- cotx) dr 
- - cot x cosec" -: x - (n - 2)J cosec" -2 x (cosec 3 x - 1) dv 
= - cot xcosec" - \v-(» - 2) ( [ cosec'x - J cosec"" 3 * dx) 

[5 + (« - 2)]J c o sec" x dx = - cot x coscc x + ( n - 2)J cosec ,-: x dv 

r , , -cotxcosec ,, " I x «-2 
I cosec x ax= - 


«- 1 


n-/, r 

■+ cosec ‘xdx 

n-1 


To recall standard integrals 


/(*> 

J I( X W 

: /O) 



TT f <"*-*> 

bWIVW 


I 

EE 

In ,r| 

5 r fx) 

in Is (j-)I 


c* 

a 1 

h (<•>») 

sin j" 

— COS JT 

si nh j 1 

COSll J- 

cos j: 

sill r 

cqsh x 

sii ill j 

tall x 

- In feus j - 

' tftnh j 

In cosh x 

tNJS€C r 

hi tail 4 

cosecb ,r 

hi jtanli £ 

sec x 

In secx -f tail x| 

scclix 

2 tailor 1 

see 2 .J- 

mux 

well* jr 

tanli x 

cot X 

In Min .r 

cot h ,r 

hi |siuh x| 

■i J, 

am t 

l 

s 

smh 2 x 

^ITlil It t 

1 2 

co«" x 

z , mn 2x 

5 ± ZZ 3 H 

t:oslr t 

sii 1 1 1 It , x 

~~r~ + 5 
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K_ _ (AA 
2 " 43 n 35 



wl 8.) 
n 7 9 '- 


4 4 4 4 4 4 4 

T “ 3 + 5 _ 7 + 9 “ TT + 13 


4 1 3 + 5 7 + 9 

7 T = v^l - 373 + 5732 - + ■ ■ ■) 

^_j L 1 i_ i_ _srA 

6 - 12 + 22 + 32 + 42 + „2 

n= 1 

fitf2 71 ] 

log sin Jr cjEt ■ — log 2 ■ — log — 
Jo 2 2 2 
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Solve a series problem 


If -y + — — + —ly -f ' 
l 2 2 1 3 2 


upto oo= then value of 


— + + — =- + - ♦ up to « is 

\ 2 3 2 5 2 


(a) 


;r 


Am. (c) 

Solution We have 


(b) 


± + _U_U. 

I 2 3 2 5 2 


(c) — 
8 


upto 1 


- i2 + 2 2 + 3 2 + 4 2 + 5 2 + 6 2 

„4[ 1+ 4 + 4 + ...i 

2 2 L 2 2 3 2 J 

_ 7T~ I ( X 1 \ _ 7T_ 

6 6 j 8 


«l) 


upto ■ 


12 


J_ J_ _ J_ . J, _ J_ _j£_ 

7 2 + 3 2 4 2 + 5 2 6 2 ‘"”"12 


1.11 

2 4 2 6 


ft 

24 


sin ijx 


x 3 


1 3! + 5! 7! + 9! 11! + ' 


cosx 


Sill. 


X 4 

Y (-D fc x 2fc 

4>~' 

"2- 

k = 0 

X s 

Y (-i) fe x 2 * +i 

5! 

~ 2-i (2fc + l)! 

fc=0 


coshx = 1 + 


sinh x = x + 


tan 1 x = x — — + — — + 

3 5 7 


2 4 

X X 

n 

V 1 

— 1 + 

= > 

2! 4! 

Zj 


k= 0 

^3 

n 

V" 

h “ — + " 

= > 

3! 5! 

Zj 


ii 

o 


x 2fc 

(2fcj! 


,2fc + l 


S S 7 

JT 3 X 5 


(2k + 1)! 

(—1 < x < 1) 


CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 



CBSE Standard 12 Math Survival Guide-Definite Integrals by Prof. Subhashish Chattopadhyay SKMCIasses 
Bangalore Useful for IIT-JEE, I.Sc. PU-II, WB-Board, IGCSE IB AP-Mathematics and other exams 


x 3 2x ^ \lx^ 
tan x = x + — + + 


62 x* 


15 


315 2835 


■ + 


2 2 " ( 2 2h -1 y n x 2yi ~ X 


(2»)l 


x 2 5x 4 61x 6 

sec x = 1 + — + + 

2 24 720 

1 x lx 3 3k 5 

CSC X = — +— + + 

* 6 360 15120 

t [ 2 2 ” -1 - iH * 2 ”-- 1 


(2«)l 

3 


1 x x 2x 

cotx = — — — — — — 

x 3 45 945 


i i K 

\x \<~ 
; 1 2 


+■■■ + 




2h 


(2»)l 


+ 


0<|x| <K 


2 2 n S „» ! ”- 1 


(2»)l 


^ 2 X* 

tan x = x + [ h 

. *3 


sec x 


x* 


i + rr + 


5x* 


ll ' li 


+ 


. . X s 2 

lOg (COS X) — — j 

\i h 

log (i + sin x) = x ~ ~ ^ 


- — + 

12 


K 

<- 

2 


0< X < K 
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■ -1 , l x 

sin x = x + + 


lx 3 . 1-3 x 5 . 1-3-5 x 1 


+ + + ■■■ m< 1 

2 3 2-45 2 - 4-6 7 1 1 


-1 jt . _i 
cos x = — — sin x 

2 


tan x = < 


k 1 x 3 1 ■ 3 1 ■ 3 ■ 5 

=—— x + + + + ■ 

2 232-45 2 - 4-6 7 

f 3 5 7 

x , x X I I h 

x — — + — - — + ■■■ bd<l 
3 5 7 11 


2 * 3x J 5^ 


+ if x > 1 
— if x < — 1 


l+_ ?_ +_ Ll_+ 13 ' 5 +■ 

2 [* 2 - 3 x 3 2-4- 5x 5 2-4-6 -It? 


sec ^ x = cos ^ f— 


esc ^ x = sin ^(1/ x) 


| 1-3 | 1 - 3-5 


X 2- 3x 3 2-4-5x 5 2-4-6 -lx} 


— 1 K —1 

cot x = — — tan x 


3 5 7 

X ,x X 

— x — — + — — +■ 

3 5 7 


k <1 


X 3x 3 5x b 


p = 0ifx>l 
p =1 if x < — 1 
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e x = 


2 3 

x.x . x 


oo « 

= i + i + ^ + ^+...= yl- 

II 51 7\ Zj n \ 

H=0 

\3 h ( h\5 


In x = 2 


1! 2! 3! 

x-1 




+ ifx-n 


x + 1 3U + 1J 5 U + 1J 

\2h— 1 


+ ... 


oo 

= 2F — 

2m — 1 

H=1 


X-1 


u+u 


(*> 0 ) 


x-1 lfx-ll 

In x = + — 

x 2 


OQ 1 

=T.~ 

n = l 


x-1 


\n 


2 + ifx-p 3 


+... 


( *>2> 


ln X = ( X -l)-l(x-l) 3 +l( X -l) 3 -... 


oo 


= y -(x-\) n (0<x<2) 

H = 1 n 


ln(l + x) = x-ix 2 +|x 3 * -. 


=E( -T x z 

n = 1 


— 1 1 h 

V 11*1 

n 


<’) 


2 3 t 

log*> 1 — X» = —X — — — ———— ...00 1 -1 < X <1 

f 2 3 4 


log* ' 1 + X ' — log^ I 1- X I = 


log, 


1+X 

'T^x 

* i 


= 2 


x 5 x 5 

X + — - + — — +■ . . ,0Q 

3 5 


i * i , « + l „ 

1+- I = log* = 2 


i-l < x < 1' 
1 




n 


n 


1 


1 


loge (1 + x)+ log e (1 - X) = log* 1 1- x i = -2 

1 


+ ■ 5-+ F + ...00 

2« +1 3, 2m + 1, 5i 2« +1 1 5 


-1 <x <1» 



/ a 

4 \ 


X 

X 

i = —2 

— + 
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v2 

4 J 


log 2 = 1 1 1 — 

2 3 4 5 


1 1 

= — + — + — + 
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Important Results 


0) (a) f n Stl> * „ dx = -=f 
sin x+cos x 4 J 

h 

tan"x , je r n /2 dx 
1 + tan"x 4 t+tan 


cos°x 


0 sin” x + cos" x 


dx 


. . r dx it t c 
(c) — — — = T = — 

J ° 1 + cot" x 4 J ° 1 + 


nil COt" X 


n/2 


tan"x 


cofx 

k/2 


dx 


td)J 

, , r sec"x . 7i 

(e) — „ „ dx -— = I 

J 0 sec^x + cosec^x 4 } ° 

r rc /2 a **"* f 

Ui) — — dx = 

J 0 sin x , -eos x J 
a + u 


cofx 


dx=-=J n 

4 J ° tan x + corx 


dx 


cosec" x 




sec" x + cosec"x 
dx = 




<iii) (a) J * logsinxdx = jJ Iogcosxdx = -^tog2 

. r */ 2 , . t * /2 , 

(b) J o logtanxdx=J Q logcotxdx-O 

f r rc/2, ji 

(c) J^ k>gsecxdx=j^ log cosec x dx =— log 2 

<iv) (a} f V** sinbx dx = ^ , 

J o (T +fr 

«Ji 


r“ cosfcx dx = 0 


a 2 **) 2 


(c) f *V w x"djf = -^- 
a" + 1 


dx where, n etf 
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